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GROWTH OF HIGH Lp NORMS FOR EIGENFUNCTIONS:
AN APPLICATION OF GEODESIC BEAMS
YAIZA CANZANI AND JEFFREY GALKOWSKI
Abstract. This work concerns Lp norms of high energy Laplace eigenfunctions,
(−∆g − λ
2)φλ = 0, ‖φλ‖L2 = 1. In [Sog88], Sogge gave optimal estimates on the
growth of ‖φλ‖Lp for a general compact Riemannian manifold. The goal of this arti-
cle is to give general dynamical conditions guaranteeing quantitative improvements
in Lp estimates for p > pc, where pc is the critical exponent. We also apply the re-
sults of [CG19b] to obtain quantitative improvements in concrete geometric settings.
These are the first results improving estimates for the Lp growth of eigenfunctions
that only require dynamical assumptions. In contrast with previous improvements,
our assumptions are local in the sense that they depend only on the geodesics passing
through a shrinking neighborhood of a given set in M .
Our method departs from the standard approach for treating Lp norms in two
substantial ways. It hinges on adapting the geodesic beam techniques previously
developed by the authors, avoiding the necessity for long-time wave parametrices,
and requires the development of a new second-microlocal calculus. This calculus
allows for effective control on the number of points at which an eigenfunction can
have large L∞ norm. This involves a delicate microlocal argument which yields an
uncertainty principle that gives quantitative estimates on the L2 mass shared along
short geodesics connecting two nearby points; with effective bounds as the points
approach one another.
1. Introduction
Let (M,g) be a smooth, compact, Riemannian manifold of dimension n and consider
normalized Laplace eigenfunctions: solutions to
(−∆g − λ2)φλ = 0, ‖φλ‖L2(M) = 1.
This article studies the growth of Lp norms of the eigenfunctions, φλ, as λ→∞. Since
the work of Sogge [Sog88], it has been known that there is a change of behavior in
the growth of Lp norms for eigenfunctions at the critical exponent pc :=
2(n+1)
n−1 . In
particular,
‖φλ‖Lp(M) ≤ Cλδ(p), δ(p) :=
{
n−1
2 − np pc ≤ p
n−1
4 − n−12p 2 ≤ p ≤ pc.
(1.1)
For p ≥ pc, (1.1) is saturated by the zonal harmonics on the round sphere Sn. On
the other hand, for p ≤ pc, these bounds are saturated by the highest weight spherical
harmonics on Sn, also known as Gaussian beams. In a very strong sense, the authors
showed in [CG19a, page 4] that any eigenfunction saturating (1.1) for p > pc behaves
like a zonal harmonic, while Blair–Sogge [BS15a, BS17] showed that for p < pc such
eigenfunctions behave like Gaussian beams. In the p ≤ pc, Blair–Sogge have recently
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made substantial progress on improved Lp estimates on manifolds with non-positive
curvature [BS19, BS18, BS15b]
This article concerns the behavior of Lp norms for high p; that is, for p > pc. While
there has been a great deal of work on Lp norms of eigenfunctions [KTZ07, HR16,
Tac19, Tac18, STZ11, SZ02, SZ16, TZ02, TZ03] this article departs from the now
standard approaches. We both adapt the geodesic beam methods developed by the
authors in [GT17, Gal19, Gal18, CGT18, CG19c, GT18, CG19b, CG19a] and develop
a new second microlocal calculus used to understand the number of points at which
|uλ| can be large. By doing this we give general dynamical conditions guaranteeing
quantitative improvements over (1.1) for p > pc. In order to work in compact subsets
of phase space, we semiclassically rescale our problem. Let h = λ−1 and, abusing
notation slightly, write φλ = φh so that
(−h2∆g − 1)φh = 0, ‖φh‖L2(M) = 1.
We also work with the semiclassical Sobolev spaces Hsscl(M), s ∈ R, defined by the
norm
‖u‖2Hs
scl
(M) := 〈(−h2∆g + 1)su, u〉L2(M) .
We start by stating a consequence of our main theorem. Let Ξ denote the collection
of maximal unit speed geodesics for (M,g). For m a positive integer, r > 0, t ∈ R,
and x ∈M define
Ξm,r,tx :=
{
γ ∈ Ξ : γ(0) = x, ∃ at least m conjugate points to x in γ(t− r, t+ r)},
where we count conjugate points with multiplicity. Next, for a set V ⊂M write
Cm,r,t
V
:=
⋃
x∈V
{γ(t) : γ ∈ Ξm,r,tx }.
Note that if rt → 0+ as |t| → ∞, then saying that y ∈ Cn−1,rt,tx for t large indicates
that y behaves like a point that is maximally conjugate to x. This is the case for
every point x on the sphere when y is either equal to x or its antipodal point. The
following result applies under the assumption that this does not happen and obtains
quantitative improvements in that setting.
Theorem 1. Let p > pc, U ⊂ M , and assume that there exist t0 > 0 and a > 0 so
that
inf
x1,x2∈U
d
(
x1, Cn−1,rt,tx2
) ≥ rt, for t ≥ t0,
with rt =
1
ae
−at. Then, there exist C > 0 and h0 > 0 so that for 0 < h < h0 and
u ∈ D′(M)
‖u‖Lp(U) ≤ Ch−δ(p)
( ‖u‖
L2(M)√
log h−1
+
√
log h−1
h
∥∥(−h2∆g − 1)u∥∥
H
n−3
2
−
n
p
scl
(M)
)
.
The assumption in Theorem 1 rules out maximal conjugacy of any two points x, y ∈ U
uniformly up to time ∞, and we expect it to hold on a generic manifold M with
U = M . Since Theorem 1 includes the case of manifolds without conjugate points, it
generalizes the work of [HT15], where it was shown that logarithmic improvements in
Lp norms for p > pc are possible on manifolds with non-positive curvature.
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The proof of Theorem 1 hinges on a much more general theorem that does not re-
quire global geometric assumptions on (M,g). As far as the authors are aware, this
is the first result giving quantitative estimates for the Lp growth of eigenfunctions
that only requires dynamical assumptions. We emphasize that, in contrast with pre-
vious improvements on Sogge’s Lp estimates, the assumptions in Theorem 2 below are
purely dynamical and, moreover, are local in the sense that they depend only on the
geodesics passing through a shrinking neighborhood of a given set in M . Moreover,
the techniques do not require long-time wave parametrices.
Theorem 2 below controls ‖u‖Lp(U) using an assumption on the maximal volume
of long geodesics joining any two given points in U . For our proof, it is necessary
to control the number points in U where the L∞ norm of u can be large. This is a
very delicate and technical part of the argument, as the points in question may be
approaching one another at rates ∼ hδ as h → 0+, with 0 < δ < 12 . We overcome
this problem by developing a second microlocal calculus in Section 6.1 which, after
a delicate microlocal argument, yields an uncertainty type principle controlling the
amount of L2 mass shared along short geodesics connecting two nearby points. We
expect that additional development of these counting techniques will have many other
applications, e.g. to estimates on Lp norms p ≤ pc.
To state our theorem, we need to introduce a few geometric objects. First, consider
the Hamiltonian function p ∈ C∞(T ∗M\{0}),
p(x, ξ) = |ξ|g − 1,
and let ϕt : T
∗M \ 0 → T ∗M \ 0 denote the Hamiltonian flow for p at time t. We
also define the maximal expansion rate and the Ehrenfest time at frequency h−1
respectively:
Λmax := lim sup
|t|→∞
1
|t| log supS∗M ‖dϕt(x, ξ)‖, Te(h) :=
log h−1
2Λmax
, (1.2)
where ‖ · ‖ denotes the norm in any metric on T (T ∗M). Note that Λmax ∈ [0,∞),
and if Λmax = 0 we may replace it by an arbitrarily small positive constant. We next
describe a cover of S∗M by geodesic tubes.
For each ρ0 ∈ S∗M , the co-sphere bundle to M , let Hρ0 ⊂ M be a hypersurface so
that ρ0 ∈ SN∗Hρ0 , the unit conormal bundle to Hρ0 . Then, let
Hρ0 ⊂ T ∗Hρ0M = {(x, ξ) ∈ T
∗M : x ∈ Hρ0}
be a hypersurface containing SN∗Hρ0 . Next, for q ∈ Hρ0 , τ > 0, we define the tube
through q of radius R(h) > 0 and ‘length’ τ +R(h) as
Λτq (R(h)) :=
⋃
|t|≤τ+R(h)
ϕt(BHρ0
(q,R(h))), (1.3)
where
B
Hρ0
(q,R(h)) := {ρ ∈ Hρ0 : d(ρ, q) ≤ R(h)},
and d is distance induced by the Sasaki metric on T ∗M (See e.g. [Bla10, Chapter 9] for
a description of the Sasaki metric). Note that the tube runs along the geodesic through
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q ∈ Hρ0 . Similarly, for A ⊂ S∗M , we define ΛτA(R(h)) in the same way, replacing q
with A in (1.3).
Definition 1. Let A ⊂ S∗M , r > 0, and {ρj(r)}Nrj=1 ⊂ A for some Nr > 0. We say
that the collection of tubes {Λτρj (r)}Nrj=1 is a (τ, r)-cover of a set A ⊂ S∗M provided
ΛτA(
1
2r) ⊂
Nr⋃
j=1
Tj, Tj := Λτρj (r).
Given a (τ, r) cover {Tj}j∈J for S∗M , for each x ∈M we define
Jx := {j ∈ J : π(Tj) ∩B(x, r) 6= ∅}.
We are now ready to state Theorem 2, where we give explicit dynamical conditions
guaranteeing quantitative improvements in Lp norms.
Theorem 2. There exists τM > 0 such that for all p > pc and ε0 > 0 the following
holds. Let U ⊂ M , 0 < δ1 < δ2 < 12 and let hδ2 ≤ R(h) ≤ hδ1 for all h > 0. Let
1 ≤ T (h) ≤ (1− 2δ2)Te(h) and let t0 > 0 be h-independent. Let {Tj}j∈J be a (τ,R(h))
cover for S∗M for some 0 < τ < τM .
Suppose that for any pair of points x1, x2 ∈ U , the tubes over x1 can be partitioned
into a disjoint union Jx1 = Bx1,x2 ⊔ Gx1,x2 where⋃
j∈Gx1,x2
ϕt(Tj) ∩ S∗B(x2,R(h))M = ∅, t ∈ [t0, T (h)].
Then, there are h0 > 0 and C > 0 so that for all u ∈ D′(M), and 0 < h < h0,
‖u‖Lp(U) ≤ Ch−δ(p)
( √
t0√
T (h)
+
[
sup
x1,x2∈U
|Bx1,x2 |R(h)n−1
] 1
6+ε0
(1− pc
p
)
)
×
(
‖u‖L2 +
T (h)
h
‖(−h2∆g − 1)u‖
H
n−3
2 −
n
p
h
)
. (1.4)
In order to interpret (1.4), note that we think of the tubes Gx1,x2 and Bx1,x2 as
respectively good (or non- looping) and bad (or looping) tubes. Then, observe that
|Bx1,x2 |R(h)n−1 ∼ vol
(⋃
j∈Bx1,x2
Tj ∩S∗x1M), and
⋃
j∈Bx1,x2
Tj is the set of points over
x1 which may loop through x2 in time T (h). Therefore, if the volume of points in S
∗
x1M
looping through x2 is bounded by T (h)
−(3+ε0)(1−
pc
p
)−1 , (1.4) provides T (h)−
1
2 improve-
ments over the standard Lp bounds. We expect these non-looping type assumptions
to be valid on generic manifolds.
As in [CG19a, Theorem 5 and Section 5], the assumptions of Theorem 2 can be veri-
fied in certain integrable situations with T (h)≫ log h−1, thus producing o((log h−1)− 12 )
improvements. Moreover, in [CG19b], we used these types of good and bad tubes to
understand averages and L∞-norms under various assumptions on the geometry, in-
cluding that it has Anosov geodesic flow or non-positive curvature. Since our results do
not require parametrices for the wave-group, we expect that the arguments leading to
Theorem 2 will provide polynomial improvements over Sogge’s estimates on manifolds
where Egorov type theorems hold for longer than logarithmic times.
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Remark 1. The proofs below adapt directly to the case of quasimodes for real princi-
pal type semiclassical pseudodifferential operators of Laplace type. That is, to opera-
tors with principal symbol p satisfying both ∂ξp 6= 0 on {p = 0} and that {p = 0}∩T ∗xM
has positive definite second fundamental form. This is the case, for example, for
Schro¨dinger operators away from the forbidden region. However, for concreteness and
simplicity of exposition, we have chosen to consider only the Laplace operator.
1.1. Discussion of the proof of Theorem 2. Our method for proving Theorem 2
differs from the standard approaches for treating Lp norms in two major ways. It
hinges on adapting the geodesic beam techniques constructed by the authors [CG19a],
and on the development of a new second-microlocal calculus.
We start in Section 2 by covering S∗M with tubes of radius R(h). Then, in Sec-
tion 3.2, we decompose the function u, whose Lp norm we wish to study, into geodesic
beams i.e. into pieces microlocalized along each of these tubes. We then sort these
beams into collections which carry ∼ 2−k‖u‖L2 mass and study the collections for each
k separately.
In order to understand the Lp norm of u, we next decompose the manifold into balls
of radius R(h). By constructing a good cover of M , we are able to think the Lp norm
of a function on M as the Lp norm of a function on a disjoint union of balls of radius
R(h). In each ball, B, we are able to apply the methods from [CG19a] to understand
the L∞ norm of u on B in terms of the number of tubes with mass ∼ 2−k‖u‖L2 passing
over that ball.
To bound the Lp norm with p < ∞, it then remains to understand the number of
balls on which the function u can have a certain L∞ norm. In Section 3.4 we first
observe that when u has relatively low L∞ norm on a ball, this ball can be neglected
by interpolation with Sogge’s Lpc estimate. It thus remains to understand the number
of balls B on which the L∞ norm of u can be large (i.e. close to extremal). This is
done in Section 3.5. It is in this step where a crucial new ingredient is input.
The new method allows us to control the size of the set on which an eigenfunction (or
quasimode) can have high L∞ norm. The method relies on understanding how much
L2 mass can be effectively shared along short geodesics joining two nearby points in
such a way as to produce large L∞ norm at both points. That is, if xα and xβ are
nearby points on M , and if |u(xα)| and |u(xβ)| are near extremal, how much total L2
mass must the tubes over xα and xβ carry?
In order to understand this sharing phenomenon, we develop a new second microlocal
calculus associated to a Lagrangian foliation L over a co-isotropic submanifold Γ ⊂
T ∗M . This calculus allows for simultaneous localization along a leaf of L and along
Γ. The calculus, which is developed in Section 5, can be seen as an interpolation
between those in [DZ16] and [SZ99]. It is then the incompatibility between the calculi
coming from two nearby points which allows us to control this sharing of mass. This
incompatibility is demonstrated in Section 6 in the form of an uncertainty principle
type of estimate.
Once the number of balls with high L∞ norm is understood, it remains to employ
the non-looping techniques from [CG19a] where the L2 mass on a collection of tubes
is estimated using its non-looping time (see Section 3.5.2).
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1.2. Outline of the paper. In section 2, we construct the covers of S∗M by tubes
and T ∗M by balls which are necessary in the rest of the article. Section 3 contains the
proof of Theorem 2. This proof uses the anisotropic calculus developed in Section 5
and the almost orthogonality results from Section 6. Section 4 contains the necessary
dynamical arguments to prove Theorem 1 using Theorem 2.
Acknowledgements. The authors are grateful to the National Science Foundation
for support under grant DMS-1900519 (Y.C) and Mathematical Sciences Postdoctoral
Research Fellowship DMS-1502661 as well as grant DMS-1900434 (J.G.). Y.C. is
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2. Tubes Lemmata
The next few lemmas are aimed at constructing (τ, r)-good covers and partitions of
various subsets of T ∗M (see also [CG19a, Section 3.2]).
Definition 2 (good covers and partitions). Let A ⊂ T ∗M , r > 0, and {ρj(r)}Nrj=1 ⊂ A
be a collection of points, for some Nr > 0. Let D be a positive integer. We say that
the collection of tubes {Λτρj (r)}Nrj=1 is a (D, τ, r)-good cover of A ⊂ T ∗M provided it is
a (τ, r)-cover of A and there exists a partition {Jℓ}Dℓ=1 of {1, . . . , Nr} so that for every
ℓ ∈ {1, . . . ,D}
Λτρj (3r) ∩ Λτρi(3r) = ∅, i, j ∈ Jℓ, i 6= j.
In addition, for 0 ≤ δ ≤ 12 and R(h) ≥ 8hδ , we say that a collection {χj}Nhj=1 ⊂
Sδ(T
∗M ; [0, 1]) is a δ-good partition for A associated to a (D, τ, R(h))-good cover if
{χj}Nhj=1 is bounded in Sδ and
(1) suppχj ⊂ Λτρj (R(h)),
(2)
∑Nh
j=1 χj ≥ 1 on Λτ/2A (12R(h)).
Remark 2. We show below that for any compact Riemannian manifold M , there are
D
M
, R0, τ0 > 0, depending only on (M,g), such that for 0 < τ < τ0, 0 < r < R0, there
exists a (D
M
, τ, r) good cover for S∗M .
We start by constructing a useful cover of any Riemannian manifold with bounded
curvature.
Lemma 2.1. Let M˜ be a compact Riemannian manifold. There exist Dn > 0, depend-
ing only on n, and R0 > 0 depending only on n and a lower bound for the sectional
curvature of M˜ , so that the following holds. For 0 < r < R0, there exist a finite
collection of points {xα}α∈I ⊂ M˜ , I = {1, . . . , Nr}, and a partition {Ii}Dni=1 of I so
that
• M˜ ⊂ ⋃α∈I B(xα, r),
• B(xα1 , 3r) ∩B(xα2 , 3r) = ∅, α1, α2 ∈ Ii, α1 6= α2,
• {xα}α∈I is an r2 maximal separated set in M˜ .
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Proof. Let {xα}α∈I be a maximal r2 separated set in M˜ . Fix α0 ∈ I and suppose that
B(xα0 , 3r) ∩ B(xα, 3r) 6= ∅ for all α ∈ Kα0 ⊂ I. Then for all α ∈ Kα0 , B(xα, r2) ⊂
B(xα0 , 8r). In particular,∑
α∈Kα0
vol(B(xα,
r
2)) ≤ vol(B(xα0 , 8r)).
Now, there exist R0 > 0 depending on n and a lower bound on the sectional curvature
of M˜ , and Dn > 0 depending only on n, so that for all 0 < r < R0,
vol(B(xα0 , 8r)) ≤ vol(B(xα, 14r)) ≤ Dn vol(B(xα, r2)). (2.1)
Hence, it follows from (2.1) that∑
α∈Kα0
vol(B(xα,
r
2)) ≤ vol(B(ρα0 , 8r)) ≤
Dn
|Kα0 |
∑
α∈Kα0
vol(B(xα,
r
2)).
In particular, |Kα0 | ≤ Dn.
At this point we have proved that each of the balls B(xα, 3r) intersects at most
Dn − 1 other balls. We now construct the sets I1, . . . ,IDn using a greedy algorithm.
We will say that the index α1 intersects the index α2 if
B(xα1 , 3r) ∩B(xα2 , 3r) 6= ∅.
First place the index 1 ∈ I1. Then suppose we have placed the indices {1, . . . , α}
in I1, . . . ,IDn so that each of the Ii’s consists of disjoint indices. Then, since α + 1
intersects at most Dn − 1 indices, it is disjoint from Ii for some i. We add the index
α to Ii. By induction we obtain the partition I1, . . . ,IDn .
Now, suppose that there exists x ∈ M˜ so that x /∈ ⋃α∈I B(xα, r). Then,
min
α∈I
d(x, xα) ≥ r,
a contradiction of the r/2 maximality of xα.

In order to construct our microlocal partition, we first fix a smooth hypersurface
H ⊂ M , and choose Fermi normal coordinates x = (x1, x′) in a neighborhood of
H = {x1 = 0}. We write (ξ1, ξ′) ∈ T ∗xM for the dual coordinates. Let
ΣH :=
{
(x, ξ) ∈ S∗
H
M
∣∣ |ξ1| ≥ 12} (2.2)
We then consider
H
Σ
H
:= {(x, ξ) ∈ T ∗
H
M | |ξ1| ≥ 12 , 12 < |ξ|g(x) < 32}. (2.3)
Then, HΣ
H
is transverse to the geodesic flow and there is 0 < τinjH < 1 so that the
map
Ψ : [−τinjH , τinjH ]×HΣ
H
→ T ∗M, Ψ(t, ρ) := ϕt(ρ), (2.4)
is injective.
Our next lemma shows that there is Dn > 0 depending only on n such that one can
construct a (Dn, τ, r)-good cover of ΣH .
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Lemma 2.2. There exist Dn > 0 depending only on n, R0 = R0(n,H) > 0, such that
for 0 < r1 < R0, 0 < r0 ≤ r12 , there exist points {ρj}
Nr1
j=1 ⊂ ΣH and a partition {Ji}Dni=1
of {1, . . . , Nr1} so that for all 0 < τ <
τ
injH
2
• Λτ
Σ
H
(r0) ⊂
⋃Nr1
j=1 Λ
τ
ρj
(r1),
• Λτ
ρj
(3r1) ∩ Λτρℓ (3r1) = ∅, j, ℓ ∈ Ji, j 6= ℓ.
Proof. We first apply Lemma 2.1 to M˜ = Σ
H
to obtain R0 > 0 depending only on n
and the sectional curvature of H and that of M near H, so that for 0 < r1 < R0, there
exist {ρj}Nr1j=1 ⊂ ΣH and a partition {Ji}Dni=1 of {1, . . . , Nr1} such that
• Σ
H
⊂ ⋃Nr1j=1B(ρj, r1),
• B(ρj , 3r1) ∩B(ρℓ, 3r1) = ∅, j, ℓ ∈ Ji, j 6= ℓ,
• {ρj}Nr1j=1 is an r12 maximal separated set in ΣH .
Now, suppose that j, ℓ ∈ Ji and
Λτ
ρℓ
(3r1) ∩ Λτρj (3r1) 6= ∅.
Then, there exist qℓ ∈ B(ρℓ, 3r1) ∩ HΣH , qj ∈ B(ρj, 3r1) ∩ HΣH and tℓ, tj ∈ [−τ, τ ] so
that
ϕtℓ−tj (qℓ) = qj.
Here, HΣ is the hypersurface defined in (2.3). In particular, for τ < τinjH/2, this implies
that qℓ = qj, tℓ = tj and hence B(ρℓ, 3r1) ∩B(ρj , 3r1) 6= ∅ a contradiction.
Now, suppose r0 ≤ r1 and that there exists ρ ∈ ΛτΣ
H
(r0) so that ρ /∈
⋃
j=1,...,Nr1
Λτ
ρj
(r1).
Then, there are |t| < τ + r0 and q ∈ HΣH so that
ρ = ϕt(q), d(q,ΣH ) < r0, min
j=1,...,Nr1
d(q, ρj) ≥ r1.
In particular, there exists ρ˜ ∈ Σ
H
with d(q, ρ˜) < r0 such that for all j = 1, . . . , Nr1 ,
d(ρ˜, ρj) ≥ d(q, ρj)− d(q, ρ˜) > r1 − r0.
This contradicts the maximality of {ρj}Nr1j=1 if r0 ≤ r1/2.

We proceed to build a δ-good partition of unity associated to the cover we con-
structed in Lemma 2.2. The key feature in this partition is that it is invariant under
the geodesic flow. Indeed, the partition is built so that its quantization commutes with
the operator P = −h2∆− I in a neighborhood of Σ
H
.
Proposition 2.3. There exist τ1 = τ1(τinjH ) > 0 and ε1 = ε1(τ1) > 0, and given
0 < δ < 12 , 0 < ε ≤ ε1, there exists h1 > 0, so that for any 0 < τ ≤ τ1, and
R(h) ≥ 2hδ, the following holds.
There exist C1 > 0 so that for all 0 < h ≤ h1 and every (τ,R(h))-cover of ΣH there
exists a partition of unity χj ∈ Sδ∩C∞c (T ∗M ; [−C1h1−2δ , 1+C1h1−2δ ]) on ΛτΣ
H
(12R(h))
for which
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• suppχj ⊂ Λτ+ερj (R(h)),
• MSh([P,Oph(χj)]) ∩ ΛτΣ
H
(ε) = ∅,
• ∑j χj ≡ 1 on ΛτΣH (12R(h)),
and {χj}j is bounded in Sδ.
Proof. The proof is identical to that of [CG19a, Proposition 3.4]. Although the claim
that
∑
j χj ≡ 1 on ΛτΣH (
1
2R(h)) does not appear in the statement of [CG19a, Propo-
sition 3.4], it is included in its proof. 
3. Proof of Theorem 2
For each q ∈ S∗M , choose a hypersurface Hq ⊂ M with q ∈ SN∗Hq and τinjHq >
inj(M)
2 , where τinjHq is defined in (2.4) and inj(M) is the injectivity radius of M . We
next use Lemma 2.2 to generate a cover of Σ
Hq
. Lemma 2.2 yields the existence of
Dn > 0 depending only on n and R0 = R0(n,Hq) > 0, such that the following holds.
Since by assumption R(h) ≤ hδ1 , there is h0 > 0 such that hδ2 ≤ R(h) ≤ R0 for all
0 < h < h0. Also, set r1 := R(h) and r0 :=
1
2R(h). Then, by Lemma 2.2 there exist
N
R(h)
= N
R(h)
(q,R(h)) > 0, {ρj}j∈Jq ⊂ ΣHq with Jq = {1, . . . , NR(h)}, and a partition
{Jq,i}Dni=1 of Jq, so that for all 0 < τ <
τ
injH q
2
• Λτ
Σ
Hq
(12R(h)) ⊂
⋃
j∈Jq
Λτ
ρj
(R(h)), (3.1)
•
Dn⋃
i=1
Jq,i = Jq, (3.2)
• Λτ
ρj1
(3R(h)) ∩ Λτ
ρj2
(3R(h)) = ∅, j1, j2 ∈ Jq,i, j1 6= j2. (3.3)
By (3.1) there is an h-independent open neighborhood of q, Vq ⊂ S∗M , covered by tubes
as in Lemma 2.2. Since S∗M is compact, we may choose {qℓ}Lℓ=1 with L independent
of h, so that S∗M ⊂ ∪Lℓ=1Vqℓ.
In particular, if 0 < τ ≤ min1≤ℓ≤L τHqℓ , and for each ℓ ∈ {1, . . . , L} we let
Tqℓ,j = Λτρj (R(h)),
then there is DM > 0 such that
⋃L
ℓ=1{Tqℓ,j}j∈J qℓ is a (DM , τ, R(h))-good cover for
S∗M . Let {ψqℓ}Lℓ=1 ⊂ C∞c (T ∗M) satisfy
suppψqℓ ⊂ {(x, ξ) ∈ T ∗M \{0} |
(
x, ξ|ξ|g
) ∈ Vqℓ} ∀ℓ = 1, . . . , L,
L∑
ℓ=1
ψqℓ ≡ 1 in an h-independent neighborhood of S∗M.
We split the analysis of u in two parts: near and away from the characteristic variety
{p = 0} = S∗M . In what follows we use C to denote a positive constant that may
change from line to line.
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3.1. It suffices to study u near the characteristic variety. In this section we
reduce the study of ‖u‖Lp(U) to an h-dependent neighborhood of the characteristic
variety {p = 0} = S∗M . We will use repeatedly the following result.
Lemma 3.1. For all ε > 0 and all p ≥ 2, there exists C > 0 such that
‖u‖Lp ≤ Chn(
1
p
− 1
2
)‖u‖
H
n( 12−
1
p )+ε
h
. (3.4)
Proof. By [Gal19, Lemma 6.1] (or more precisely its proof), for any ε > 0, there exists
Cε ≥ 1 so that
‖ Id ‖
H
n
2 +ε
h →L
∞
≤ Cεh−
n
2 .
By complex interpolation of the operators Id : L2 → L2 and Id : H
n
2
+ε
h → L∞ with
θ = 2p we obtain
‖ Id ‖
H
(n2 +ε)(1−θ)
h →L
p
≤ C1−θε h−
n
2
(1−θ),
and this yields (3.4) as claimed. 
Observe that
u =
L∑
ℓ=1
Oph(ψqℓ)u+
(
1−
L∑
ℓ=1
Oph(ψqℓ)
)
u.
First, note that since 1 −∑Lℓ=1 ψqℓ=0 in an h-independent neighborhood of S∗M =
{p = 0}, by the standard elliptic parametrix construction (see e.g. [DZ19, Appendix
E]) there is E ∈ Ψ−2(M) such that
1−
L∑
ℓ=1
Oph(ψqℓ) = EP +O(h
∞)Ψ−∞ . (3.5)
Next, combining (3.5) with Lemma 3.1, and using that h
n( 1
p
− 1
2
)
= h−δ(p)+
1
2h−1, we
have∥∥∥(1− L∑
ℓ=1
Oph(ψqℓ)
)
u
∥∥∥
Lp
≤ Chn( 1p− 12 )‖EPu‖
H
n( 12−
1
p )−2+ε
h
+O(h∞)‖u‖L2
≤ Ch−δ(p)+ 12h−1‖Pu‖
H
n( 12−
1
p )−2+ε−2
h
+O(h∞)‖u‖L2 . (3.6)
It remains to understand the terms Oph(ψqℓ)u. Since there are finitely many such
terms, we write ∥∥∥ L∑
ℓ=1
Oph(ψqℓ)u
∥∥∥
Lp
≤
L∑
ℓ=1
‖Oph(ψqℓ)u‖Lp , (3.7)
and consider each term ‖Oph(ψqℓ)u‖Lp individually.
By Proposition 2.3 for each ℓ = 1, . . . , L there exist τ1(qℓ) > 0, ε1(qℓ) > 0, and a
family of cut-offs {χ˜
Tqℓ,j
}j∈J qℓ , with χ˜Tqℓ,j supported in Λ
τ+ε1(qℓ)
ρj (R(h)) and such that
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for all 0 < τ < τ1(qℓ) ∑
j∈Jqℓ
χ˜
Tqℓ,j
≡1 on Λτ
ΣHqℓ
(12R(h)). (3.8)
Let τ0(qℓ) from [CG19a, Theorem 8]. Then, set
τ
M
:= min
1≤ℓ≤L
{
inj(M)
4 , τ0(qℓ), τ1(qℓ),
1
2τinjHqℓ
}
.
From now on we work with tubes Tqℓ,j = Λτρj (R(h)) for some 0 < τ < τM .
Next, we localize u near and away from Λτ
ΣHqℓ
(hδ):
Oph(ψqℓ)u =
∑
j∈Jqℓ
Oph(χ˜Tqℓ,j
)Oph(ψqℓ)u+
(
1−
∑
j∈Jqℓ
Oph(χ˜Tqℓ,j
)
)
Oph(ψqℓ)u.
In particular, by (3.8), 12R(h) ≥ 12hδ2 , and [CG19a, Lemma 3.6], there is E ∈
h−δ2Ψcompδ2 so that(
1−
∑
j∈Jqℓ
Oph(χ˜Tqℓ,j
)
)
Oph(ψqℓ) = EP +OΨ−∞(h
∞). (3.9)
Since h
n( 1
p
− 1
2
)−δ2 = h−δ(p)+
1
2
−δ2h−1, combining (3.9) with Lemma 3.1 yields∥∥∥(1− ∑
j∈Jqℓ
Oph(χ˜Tqℓ,j
)
)
Oph(ψqℓ)u
∥∥∥
Lp
≤ Ch−δ(p)+ 12−δ2h−1‖Pu‖
H
n( 12−
1
p )−2+ε−2
h
+O(h∞)‖u‖L2 . (3.10)
Combining (3.6), (3.7) and (3.10) we have proved that for U ⊂M
‖u‖Lp(U) ≤
L∑
ℓ=1
∥∥∥ ∑
j∈Jqℓ
Oph(χ˜Tqℓ,j
)Oph(ψqℓ)u
∥∥∥
Lp(U)
+ Ch−δ(p)+
1
2
−δ2h−1‖Pu‖
H
n( 12−
1
p )−2+ε−2
h
+O(h∞)‖u‖L2 . (3.11)
3.2. Filtering tubes by L2-mass. By (3.11) it only remains to control the terms
‖∑j∈Jqℓ Oph(χ˜Tqℓ,j )Oph(ψqℓ)u‖Lp , where u is localized to the Vqℓ patch within the
characteristic variety S∗M and, more importantly, to the tubes Tqℓ,j. Therefore, we
fix ℓ and, abusing notation slightly, write
ψ := ψqℓ, J = Jqℓ , Tj = Tqℓ,j, χ˜Tj := χ˜Tqℓ,j
and
v :=
∑
j∈J
Oph(χ˜Tj )Oph(ψ)u. (3.12)
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Let T = T (h) ≥ 1. For each j ∈ J let χ
Tj
∈ C∞c (T ∗M ; [0, 1])∩Sδ be a smooth cut-
off function with suppχ
Tj
⊂ Tj, χTj ≡ 1 on supp χ˜Tj , and such that {χj}j is bounded
in Sδ. We shall work with the modified norm
‖u‖P,T = ‖u‖L2 + Th ‖Pu‖L2 .
Note that this norm is the natural norm for obtaining T−
1
2 improved estimates in Lp
bounds since the fact that u is an o(T−1h) quasimode implies, roughly, that u is an
accurate solution to (hDt + P )u = 0 for times t ≤ T . For each integer k ≥ −1 we
consider the set
Ak =
{
j ∈ J : 1
2k+1
‖u‖
P,T
≤ ‖Oph(χTj )u‖L2 +h
−1‖Oph(χTj )Pu‖L2 ≤
1
2k
‖u‖
P,T
}
.
(3.13)
It follows that Ak consists of those tubes Tj with L2 mass comparable to 2−k.
Observe that since |χ
Tj
| ≤ 1, for h small enough depending on finitely many semi-
norms of χj , ‖Oph(χTj )‖L2→L2 ≤ 2. In particular, this together with T ≥ 1, implies
that
J =
⋃
k≥−1
Ak . (3.14)
Lemma 3.2. There exists Cn > 0 so that for all k ≥ −1
| Ak | ≤ Cn22k. (3.15)
Proof. According to (3.2), the collection {Tj}j∈J can be partitioned into Dn sets of
disjoint tubes. Thus, we have
∑
j∈J |χTj |2 ≤ Dn and there is Cn > 0 depending only
on n such that ∥∥∥∑
j∈J
Oph(χTj )
∗Oph(χTj )
∥∥∥
L2→L2
≤ Cn.
In particular,∑
j∈J
‖Oph(χTj )u‖
2
L2 ≤ Cn‖u‖2L2 and
∑
j∈J
‖Oph(χTj )Pu‖
2
L2 ≤ Cn‖Pu‖2L2 .
Therefore,
| Ak |2−2k−2‖u‖2P,T ≤ 2
( ∑
j∈Ak
‖Oph(χTj )u‖2L2 + h−2‖Oph(χTj )Pu‖2L2
)
≤ Cn‖u‖2P,T .

Next, let
wk :=
∑
j∈Ak
Oph(χ˜Tj )Oph(ψ)u. (3.16)
Then, by (3.12) and (3.14) we have
v =
∞∑
k=−1
wk. (3.17)
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The goal is therefore to control ‖wk‖Lp(U) for each k since the triangle inequality yields
‖v‖Lp(U) ≤
∞∑
k=−1
‖wk‖Lp(U).
3.3. Filtering tubes by L∞ weight on shrinking balls. By Lemma 2.1, there are
points {xα}α∈I ⊂M such that there exists a partition {I i}Dni=1 of I so that
• M ⊂ ⋃α∈I B(xα, R(h)),
• B(xα1 , 3R(h)) ∩B(xα2 , 3R(h)) = ∅, α1, α2 ∈ Ii, α1 6= α2.
Then, for m ∈ Z define
Ik,m :=
{
α ∈ I
U
: 2m−1 ≤ hn−12 R(h) 1−n2 2k ‖wk‖L∞(B(xα,R(h)))‖u‖P,T
≤ 2m
}
, (3.18)
where I
U
:= {α ∈ I : B(xα, R(h)) ∩ U 6= ∅}. Next, for each positive integer k and α ∈
I consider the sets
Ak(α) := {j ∈ Ak : πM (Tj) ∩B(xα, 2R(h)) 6= ∅},
where π
M
: T ∗M → M is the standard projection. The indices in Ak are those that
correspond to tubes with mass comparable to 1
2k
‖u‖
P,T
, while indices in Ak(α) corre-
spond to tubes of mass 1
2k
‖u‖
P,T
that run over the ball B(xα, 2R(h)). In particular,
Lemma 3.2 and [CG19a, Lemma 3.7] yield the existence of Cn, cM > 0 such that
c
M
2m ≤ |Ak(α)| ≤ Cn22k, α ∈ Ik,m . (3.19)
Indeed, for α ∈ Ik,m,
2m−1h
1−n
2 R(h)
1−n
2 2−k‖u‖P,T ≤ ‖wk‖L∞(B(xα,R(h))). (3.20)
In addition, (3.13) and Lemma [CG19a, Lemma 3.7] imply that there exist c
M
> 0,
τ
M
> 0, and Cn > 0, depending on M and n respectively, such that for all N > 0 there
exists C
N
> 0 with
‖wk‖L∞(B(xα,R(h)))
≤ CnR(h)
n−1
2
τ
1/2
M h
n−1
2
∑
j∈Ak(α)
‖Oph(χ˜Tj )Oph(ψ)u‖L2 +h−1‖Oph(χ˜Tj )POph(ψ)u‖L2+CNhN‖u‖P,T
≤ c−1
M
h−
n−1
2 R(h)
n−1
2 2−k‖u‖
P,T
| Ak(α)|+CNhN‖u‖P,T ,
which, combined with (3.20), proves the lower bound in (3.19).
Furthermore, to simplify notation, let
Ak,m :=
⋃
α∈Ik,m
Ak(α). (3.21)
Note that for each α ∈ Ik,m there is x˜α ∈ B(xα, R(h)) such that
|wk(x˜α)| ≥ 2m−1h
1−n
2 R(h)
n−1
2 2−k‖u‖
P,T
. (3.22)
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We finish this section with a result that controls the size of Ik,m in terms of that of
Ak,m. Let
1
2(δ2 + 1) < ρ < 1, (3.23)
0 < ε < δ, χ˜ ∈ C∞c ((−1, 1)), and define the operator χh,x˜α by
χ
h,x˜α
u(x) := χ˜(1εh
−ρd(x, x˜α)) [Oph(χ˜(
1
ε (|ξ|g − 1)))u](x).
In Lemma 6.1 we prove that χ
h,x˜α
∈ Ψ−∞Γx˜α ,Lx˜α ,ρ, where
Ωx˜α = {ξ ∈ T ∗x˜αM : |1− |ξ|g(x˜α)| < δ}, Γx˜α =
⋃
|t|<
1
2 inj(M)
ϕt(Ωx˜α),
and Ψ−∞Γx˜α ,Lx˜α ,ρ
is a class of smoothing pseudodifferential operators that allows for
localization to hρ neighborhoods of Γx˜α and is compatible with localization to h
ρ
neighborhoods of the foliation Lx˜α of Γx˜α generated by Ωx˜α .
In Theorem 3 for ε > 0 we explain how to build a cut-off operator
Xx˜α ∈ Ψ−∞Γx˜α ,Lx˜α ,ρ
such that{
χ
h,x˜α
Xx˜α = χh,x˜α +O(h
∞)Ψ−∞ ,
WFh
′([P,Xx˜α ]) ∩ {(x, ξ) : x ∈ B(x˜α, 12 injM), ξ ∈ Ωx} = ∅,
(3.24)
where injM denotes the injectivity radius of M .
Lemma 3.3. Let 12(δ2+1) < ρ ≤ 1. There exists C > 0 so that for every k ≥ −1 and
m ∈ Z the following holds. If
| Ak,m | ≤ C 22mR(h)n−1
(
hρ−
1
2R(h)−
1
2
)− 2n(n−1)
3n+1
,
then
| Ik,m | ≤ C| Ak,m |2−2mR(h)1−n. (3.25)
Proof. We claim that by (3.16), for α ∈ Ik,m,
χ
h,x˜α
wk = χh,x˜αwk,m +O(h
∞‖u‖
L2
), wk,m :=
∑
j∈Ak,m
Oph(χ˜Tj )Oph(ψ)u. (3.26)
Indeed, it suffices to show that χ
h,x˜α
Oph(χ˜Tj )Oph(ψ)u = O(h
∞‖u‖L2) for α ∈ Ik,m
and j /∈ Ak,m. Note that for such indices πM (Tj) ∩B(x˜α, 2R(h)) = ∅ while
supp χ˜(1εh
−ρd(x, x˜α)) ⊂ B(x˜α, Cεhρ)⊂ B(xα, 32R(h))
for some C > 0 and all h small enough.
Our next goal is to produce a lower bound for | Ak,m | in terms of | Ik,m | by using
the lower bound (3.22) on ‖χ
h,x˜α
wk,m‖L∞ for indices α ∈ Ik,m.
By (3.24), we have
χ
h,x˜α
wk,m = χh,x˜αXx˜αwk,m +O(h
∞)L∞ ,
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for α ∈ Ik,m. In particular, by (3.22) and (3.26),
2m−1h
1−n
2 R(h)
n−1
2 2−k‖u‖
P,T
≤ ‖χ
h,x˜α
wk‖L∞ ≤ ‖Xx˜αwk,m‖L∞+O(h∞)‖u‖P,T ).
(3.27)
Therefore, applying the standard L∞ bound for quasimodes of the Laplacian (see
e.g. [Zwo12, Theorem 7.12]) and using that by (3.24) we have that Xx˜α nearly com-
mutes with P on B(x˜α,
1
2 injM),
2m−1R(h)
n−1
2 2−k‖u‖P,T ≤ C(‖Xx˜αwk,m‖L2 + h−1‖PXx˜αwk,m‖L2(B)) +O(h∞‖u‖P,T ).
≤ C(‖Xx˜αwk,m‖L2 + h−1‖Xx˜αPwk,m‖L2) +O(h∞‖u‖P,T ).
(3.28)
Note that we have canceled the factor h
1−n
2 which appears both in (3.27) and the
standard L∞ bounds for quasimodes.
Using that h2ρ−1R(h)−1 = o(1), Proposition 6.4 proves that for all I˜ ⊂ Ik,m and
v ∈ L2(M) ∑
α∈I˜
‖Xx˜αv‖2L2 ≤ C
(
1 + ah|I˜|
3n+1
2n
)
‖v‖2L2 ,
where ah = (h
ρ− 1
2R(h)−
1
2 )n−1. As a consequence, (3.28) gives
|I˜ |R(h)n−12−2k22(m−1)‖u‖2
P,T
≤ C
(∑
α∈I˜
‖Xx˜αwk,m‖2L2 + h−2
∑
α∈I˜
‖Xx˜αPwk,m‖2L2
)
≤ C
(
1 + ah|I˜ |
3n+1
2n
)
(‖wk,m‖2L2 + h−2‖Pwk,m‖2L2)
≤ C
(
1 + ah|I˜ |
3n+1
2n
)
2−2k| Ak,m |‖u‖2P,T .
The last inequality follows from the definition of wk,m together with the definition
(3.13) of Ak.
In particular, we have proved that there is C > 0 such that for all I˜ ⊂ Ik,m
|I˜ |R(h)n−122m ≤ Cmax
(
1 , ah|I˜|
3n+1
2n
)
| Ak,m |. (3.29)
Suppose that ah| Ik,m |
3n+1
2n ≥ 1. Then, there exists I˜ ⊂ Ik,m such that ah|I˜ |
3n+1
2n = 1.
In particular, |I˜|R(h)n−122m ≤ C| Ak,m |. This implies that if
| Ak,m | ≤ 1C a
− 2n
3n+1
h R(h)
n−122m,
then ah| Ik,m | 3n+12n ≤ 1 and so by (3.29)
| Ik,m |R(h)n−122m ≤ C| Ak,m |
as claimed.

Note that for wk,m defined as in (3.26),
‖wk‖pLp(U) ≤ Dn
∞∑
m=−∞
‖wk‖pLp(Uk,m) = Dn
∞∑
m=−∞
‖wk,m‖pLp(Uk,m) +O(h
∞‖u‖
P,T
),
(3.30)
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where
Uk,m :=
⋃
α∈Ik,m
B(xα, R(h)). (3.31)
Finally, we split the study of ‖wk‖Lp(U) into two regimes: tubes with low or high
L∞ mass. Fix N > 0 large, to be determined later. (Indeed, we will see that it suffices
to take N> 12 (1− pcp )−1.) Then, we claim that for each k ≥ −1,
‖wk‖pLp(U) ≤ Dn
m1,k∑
m=−∞
‖wk,m‖pLp(Uk,m) +Dn
m2,k∑
m=m1,k+1
‖wk,m‖pLp(Uk,m) +O(h
∞‖u‖
P,T
),
(3.32)
where m1,k and m2,k are defined by
2m1,k = min
(
2kR(h)
1−n
2
TN
, cn2
2k , c0R(h)
1−n
)
, 2m2,k = min
(
cn2
2k , c0R(h)
1−n
)
,
where c0, cn are described in what follows. Indeed, note that the bound (3.19) yields
that 2m is bounded by | Ak(α)| for all α ∈ Ik,m and the latter is controlled by c0R(h)n−1
for some c0 > 0, depending only on (M,g). In addition, note that by (3.19) the wk,m
are only defined for m satisfying 2m ≤ cn22k. These two observations justify that the
second sum in (3.32) runs only up to m2,k.
3.4. Control of the low L∞ mass term, m ≤ m1,k. We first estimate the small
m term in (3.32). The estimates here essentially amount to interpolation between Lpc
and L∞. From the definition (3.18) of Ikm, together with 1−n2 (p − pc)−1 = −pδ(p)
and ‖wk,m‖Lpc (Uk,m) ≤ h−
1
pc ‖u‖
P,T
,
m1,k∑
m=−∞
‖wk,m‖pLp(Uk,m) ≤ C
m1,k∑
m=−∞
‖wk,m‖p−pcL∞(Uk,m)‖wk,m‖
pc
Lpc (Uk,m)
≤ Ch−pδ(p)R(h)n−12 (p−pc)2−k(p−pc)
m1,k∑
m=−∞
2m(p−pc)‖u‖p
P,T
≤ Ch−pδ(p)R(h)n−12 (p−pc)2(m1,k−k)(p−pc)‖u‖p
P,T
.
It follows that∑
k≥−1
( m1,k∑
m=−∞
‖wk,m‖pLp(Uk,m)
) 1
p ≤ Ch−δ(p)R(h)n−12 (1− pcp )‖u‖
P,T
∑
k≥−1
2(m1,k−k)(1−
pc
p
).
(3.33)
Finally, define k1, k2 such that
2k1 =
R(h)
1−n
2
cnTN
, 2k2 = c0R(h)
1−n
2 TN . (3.34)
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If k ≤ k1, then 2m1,k = cn22k, so there exists Cn,p > 0 such that
k1∑
k=−1
2(m1,k−k)(1−
pc
p
) ≤ Cn,pR(h)
1−n
2
(1− pc
p
)
T
N(1− pc
p
)
.
If k1 ≤ k ≤ k2, then 2m1,k = 2
kR(h)
1−n
2
TN
. Therefore, since |k2 − k1| ≤ cN log T for some
c > 0, there exists C > 0 such that
k2∑
k=k1
2(m1,k−k)(1−
pc
p
)≤ CN log T R(h)
1−n
2
(1− pc
p
)
TN(1−
pc
p
)
.
Last, if k ≥ k2, then 2m1,k = c0R(h)1−n, so there exists Cp > 0 such that
∞∑
k=k2
2
(m1,k−k)(1−
pc
p
) ≤ CpR(h)
1−n
2
(1− pc
p
)
TN(1−
pc
p
)
.
Putting these three bounds together with (3.33), we obtain∑
k≥−1
( m1,k∑
m=−∞
‖wk,m‖pLp(Uk,m)
) 1
p ≤ Ch−δ(p) N log T
T
N(1− pc
p
)
‖u‖
P,T
. (3.35)
3.5. Control of the high L∞ mass term, m ≥ m1,k. In this section we estimate
the large m term in (3.32). To do this we split
Ak,m = Gk,m ⊔ Bk,m,
where the set of ‘good’ tubes
⋃
j∈Gk,m
Tj is [t0, T ] non-self looping and the number of
‘bad’ tubes |Bk,m| is small in the following sense. We ask that
|Bk,m| ≤ c| Ik,m |2|BU | (3.36)
for some c > 0, where
|BU | := sup{|BU (α, β)| : α, β ∈ I}, (3.37)
and
B
U
(α, β) :=
{
j ∈
⋃
k
Ak(α) :
T⋃
t=t0
ϕt(Tj) ∩ S∗B(xβ ,2R(h))M 6= ∅
}
. (3.38)
That is, |B
U
| is the maximum number of loops of length in [t0, T ] joining any two
points in U .
Then, define
wGk,m :=
∑
j∈Gk,m
Oph(χ˜Tj )Oph(ψ)u, w
B
k,m :=
∑
j∈Bk,m
Oph(χ˜Tj )Oph(ψ)u.
Next, consider( m2,k∑
m=m1,k
‖wk,m‖pLp(Uk,m)
) 1
p ≤
( m2,k∑
m=m1,k
‖wGk,m‖pLp(Uk,m)
) 1
p
+
( m2,k∑
m=m1,k
‖wBk,m‖pLp(Uk,m)
) 1
p
.
(3.39)
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3.5.1. Bound on the looping piece. We start by estimating the ‘bad’ piece∑
k≥−1
( m2,k∑
m=m1,k
‖wBk,m‖pLp(Uk,m)
) 1
p
.
Observe that if 2m1,k = min(c0R(h)
1−n, cn2
2k), then m1,k = m2,k and we need not
consider this part of the sum. Therefore, the high L∞ mass term has
2m1,k =
2kR(h)
1−n
2
TN
(3.40)
and k1 ≤ k ≤ k2. Hence, for m1,k < m ≤ m2,k, Lemma 3.2 gives that there is Cn > 0
with
| Ak,m | ≤ Cn22k ≤ CnR(h)n−122mT 2N .
Furthermore, since R(h) ≥ hδ2 with δ2 < 12 , (3.23) yields that there is ε = ε(n,N) > 0
such that hρ−
1
2R(h)−
1
2 < hε, and hence, since T = O(log h−1),
| Ak,m |= o
(
R(h)n−122m
(
hρ−
1
2R(h)−
1
2
)− 2n(n−1)
3n+1
)
.
In particular, as a consequence of Lemma 3.3 we have the existence of h0 > 0 and
C > 0 such that
| Ik,m | ≤ CR(h)1−n2−2m| Ak,m | (3.41)
≤ CR(h)1−n22k−2m, (3.42)
for all 0 < h ≤ h0, where we have used again Lemma 3.2 to bound | Ak,m |.
Next, note that for each point in Ik,m there are at most c| Ik,m ||BU | tubes in Bk,m
touching it. Therefore, we may apply [CG19a, Lemma 3.7] to obtain C > 0 such that
‖wBk,m‖L∞(Uk,m) ≤ Ch
1−n
2 R(h)
n−1
2 | Ik,m ||BU |2−k‖u‖P,T . (3.43)
Using (3.43) and interpolating between L∞ and Lpc we obtain
‖wBk,m‖pLp(Uk,m) ≤ Ch
−pδ(p)
(
R(h)
n−1
2 | Ik,m ||BU |2−k‖u‖P,T
)p−pc ‖wBk,m‖pcL2(Uk,m).
(3.44)
In addition, since combining (3.13) with (3.36) yields
‖wBk,m‖L2(Uk,m) ≤ C|Bk,m|
1
22−k‖u‖P,T ≤ C2−k|Ik,m||BU |
1
2 ‖u‖P,T ,
the bounds in (3.44) and (3.42), together with the definition of m1,k (3.40) yield
m2,k∑
m=m1,k
‖wBk,m‖pLp(Uk,m) ≤ Ch
−pδ(p)R(h)
n−1
2
(p−pc)
m2,k∑
m=m1,k
| Ik,m |p|BU |p−
pc
2 2−kp‖u‖p
P,T
≤ Ch−pδ(p)R(h)n−12 (−p−pc)2kp|B
U
|p− pc2 ‖u‖p
P,T
m2,k∑
m=m1,k
2−2mp
≤ Ch−pδ(p)R(h)n−12 (p−pc)|B
U
|p− pc2 T 2Np 2−kp‖u‖p
P,T
.
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Then, with k1, k2 defined as in (3.34), we have that
k2∑
k=k1
( m2,k∑
m=m1,k
‖wBk,m‖pLp(Uk,m)
) 1
p ≤ Ch−δ(p)R(h)n−12 (1− pcp )|BU |1−
pc
2pT 2N‖u‖P,T
k2∑
k=k1
2−k
≤ Ch−δ(p)(R(h)n−1|BU |)1−
pc
2pT 3N‖u‖P,T .
Finally, since we only need to consider k1 ≤ k ≤ k2,∑
k≥−1
( m2,k∑
m=m1,k
‖wBk,m‖pLp(Uk,m)
) 1
p ≤ Ch−δ(p)(R(h)n−1|B
U
|)1− pc2pT 3N‖u‖
P,T
. (3.45)
3.5.2. Bound on the non self-looping piece. In this section we aim to control the ‘good’
piece ∑
k≥−1
( m2,k∑
m=m1,k
‖wGk,m‖pLp(Uk,m)
) 1
p
. (3.46)
We first estimate the number of non-self looping tubes Tj with j ∈ Ak. That is, tubes
on which the L2 mass of u is comparable 2−k‖u‖
P,T
.
Lemma 3.4. Let k ∈ Z, k ≥ −1, and t0 > 1. Suppose that G ⊂ Ak is such that⋃
j∈G
Tj is [t0, T ] non-self looping.
Then, there exists a constant Cn > 0, depending only on n, such that
|G| ≤ Cnt0
T
22k.
Proof. Using that G ⊂ Ak, we have
|G|
‖u‖2
P,T
22(k+1)
≤ 2
∑
j∈G
(
‖Oph(χTj )u‖2 + h−2‖Oph(χTj )Pu‖2L2
)
. (3.47)
Since {Tj}j∈G is (Dn, τ, R(h))-good, there is a collection {Gi}Dni=1 ⊂ G, such that for
each i = 1, . . . ,Dn,
Tj ∩ Tk = ∅, j, k ∈ Gi, j 6= k.
By [CG19a, Lemma 4.1] with tℓ = t0 and Tℓ = T for all ℓ,∑
j∈G
‖Oph(χTj )u‖
2
L2 ≤
Dn∑
i=1
∑
j∈Gi
‖Oph(χTj )u‖
2
L2 ≤
Dn4t0
T
‖u‖2
P,T
. (3.48)
On the other hand, since
∑
j∈Gi
‖Oph(χTj )‖2 ≤ 2 for each i,∑
j∈G
‖Oph(χTj )Pu‖2L2 ≤ 2Dn‖Pu‖2L2 . (3.49)
Combining (3.47), (3.48), and (3.49) yields
|G|
‖u‖2
P,T
22(k+1)
≤ 8Dnt0
T
‖u‖2
P,T
+
4Dn
h2
‖Pu‖2L2 ≤
8Dnt0 +
4Dn
T
T
‖u‖2
P,T
.
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
We may now proceed to estimate the Lp-norm of the non-looping piece (3.46). The
first step is to notice that we only need to sum up to m ≤ m3,k, where m3,k is defined
by
2m3,k := min
(
Cnt02
2k
c
M
T
, c0R(h)
1−n
)
,
and c
M
> 0 is as defined in (3.19) and Cn > 0 is the constant in Lemma 3.4. To see
this, first observe that, using (3.18), (3.41) and (3.43), for each α ∈ Ik,m
‖wGk,m‖L∞(B((xα,R(h)))) ≤ ‖wk,m‖L∞(B((xα,R(h)))) + ‖wBk,m‖L∞(B((xα,R(h))))
≤ C(2m + | Ik,m ||BU |)2−kh
1−n
2 R(h)
n−1
2 ‖u‖
P,T
≤ C(1 +R(h)1−n2−3m| Ak,m ||BU |)2m−kh
1−n
2 R(h)
n−1
2 ‖u‖
P,T
.
(3.50)
Furthermore, since |Gk,m| ≥ |Ak,m | − | Ik,m |2|BU | and Gk,m is [t0, T ] non-self looping,
Lemma 3.4 yields the existence of Cn > 0 such that
| Ak,m | − | Ik,m |2|BU | ≤ Cn
t0
T
22k.
Next, since m1,k ≤ m ≤ m2,k, we may apply Lemma 3.3 to bound | Ik,m | as in
(3.41) to obtain that for some C > 0
| Ak,m |(1 − CR(h)2(1−n)2−4m| Ak,m ||BU |) ≤ Cn
t0
T
22k. (3.51)
In addition, provided
|B
U
|R(h)n−1 ≪ T−6N , (3.52)
we have, that for m ≥ m1,k and k1 ≤ k ≤ k2
R(h)2(1−n)2−4m| Ak,m ||BU | ≤ R(h)2(1−n)2−4m+2k|BU |
≤ 2−2kT 4N |B
U
|
≤ R(h)n−1T 6N |B
U
| ≪ 1, (3.53)
where we used that by (3.19), |Ak,m| is controlled by 22k to get the first inequality,
that m ≥ m1,k to get the second, and that k ≥ k1 to get the third. Combining (3.51)
and the bound in (3.53) we obtain | Ak,m | ≤ Cn t022kT , and so, by (3.19),
2m ≤ Cn t02
2k
c
M
T
.
As claimed, this shows that to deal with (3.46) we only need to sum up to m ≤ m3,k.
The next step is to use interpolation to control the first sum in (3.46) by
m2,k∑
m=m1,k
‖wGk,m‖pLp(Uk,m) =
m3,k∑
m=m1,k
‖wGk,m‖pLp(Uk,m) ≤
m3,k∑
m=m1,k
‖wGk,m‖p−pcL∞(Uk,m)‖w
G
k,m‖pcLpc(Uk,m).
(3.54)
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We claim that (3.50) yields
‖wGk,m‖L∞(B((xα,R(h)))) ≤ C2m−kh
1−n
2 R(h)
n−1
2 ‖u‖P,T . (3.55)
Indeed, using the bound (3.52) on |BU |, that | Ak,m | is controlled by 22k, thatm ≥ m1,k
as in (3.40), and that k1 ≤ k ≤ k2, we have
R(h)1−n2−3m| Ak,m ||BU | ≪ R(h)2(1−n)2−3m+2kT−6N ≤ T−2N .
Using (3.55), the standard bound on ‖wGk,m‖pcLpc (Uk,m), and that ‖w
G
k,m‖2L2 ≤ C t0T , we
estimate (3.54) by
m2,k∑
m=m1,k
‖wGk,m‖pLp(Uk,m) ≤ Ch
−pδ(p)(R(h)
n−1
2 2(m3,k−k))p−pc‖u‖p
P,T
t
pc
2
0
T
pc
2
+O(h∞‖u‖p
P,T
).
Then, summing in k, and again using that only k1 ≤ k ≤ k2 contribute,
∞∑
k=−1
( m2,k∑
m=m1,k
‖wGk,m‖pLp(Um)
) 1
p
≤ Ch−δ(p)‖u‖
P,T
t
pc
2p
0
T
pc
2p
k2∑
k=k1
(
R(h)
n−1
2 2(m3,k−k)
)1− pc
p +O(h∞‖u‖
P,T
)
≤ Ch−δ(p) t
1
2
0
T
1
2
‖u‖
P,T
+O(h∞‖u‖
P,T
). (3.56)
Note that the sum over k in (3.56) is controlled by the value of k for which
Cnt02
2k
cMT
= c0R(h)
1−n,
since the sum is geometrically increasing before this value of k and geometrically
decreasing afterward.
3.6. Wrapping up the proof of Theorem 2. Combining (3.35), (3.45), (3.56), with
(3.39) and (3.32), and taking N> 12(1− pcp )−1, we obtain
‖v‖Lp(U) ≤
∞∑
k=−1
‖wk‖Lp(U) ≤ Ch−δ(p)
(
t
1
2
0
T
1
2
+ (R(h)n−1|BU |)1−
pc
2pT 3N
)
‖u‖P,T
provided
R(h)n−1|BU | ≤ CT−6N ,
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for some C > 0, as requested in (3.52). Since this estimate holds only when |B
U
|R(h)n−1 ≤
CT−6N , we will replace T above by T0 := min{ 1C (R(h)n−1|BU |)−
1
6N , T} so that
‖v‖Lp(U) ≤ Ch−δ(p)
(
t
1
2
0
T0
1
2
+ (R(h)n−1|B
U
|)1− pc2pT 3N0
)
‖u‖
P,T
≤ Ch−δ(p)
(
t
1
2
0
T
1
2
+ t
1
2
0 (R(h)
n−1|B
U
|) 112N + (R(h)n−1|B
U
|) 12 (1− pcp )
)
‖u‖
P,T
≤ Ch−δ(p)
(
t
1
2
0
T
1
2
+ (R(h)n−1|B
U
|) 112N
)
‖u‖
P,T
,
(3.57)
where the constant C is adjusted from line to line.
Next, combining (3.57) with (3.11) and the definition of v in (3.12), we obtain
‖u‖Lp(U) ≤ Ch−δ(p)
(
t
1
2
0
T
1
2
+ (R(h)n−1|B
U
|) 112N
)
‖u‖
P,T
+ Ch−δ(p)+
1
2
−δ2h−1‖Pu‖
H
n( 12−
1
p )−2+ε
h
.
Putting ε = 12 and setting N =
1
2(1+
ε0
6 )(1− pcp )−1, the estimate (1.4) will follow once
we relate |B
U
| for a given (τ,R(h)) cover to |B
U
| for the (D, τ, R(h)) cover used in our
proof.
Finally, to finish the proof of Theorem 2, we need to show that for any (τ,R(h))
cover {Tj}j of S∗M , up to a constant depending only on M , |BU | can be bounded by
|B˜
U
| where B˜
U
is defined as in (3.37) using a (D˜, τ, R(h)) good cover {T˜k}k of S∗M .
Lemma 3.5. There exists CM > 0 depending only on M so that if {Tj}j∈J and
{T˜k}k∈K are respectively a (τ,R(h)) cover S∗M and a (D˜, τ, R(h)) good cover of S∗M ,
and |B
U
|, |B˜
U
| are defined as in (3.37) for respectively the covers {Tj}j∈J ,{T˜k}k, then
|B˜
U
| ≤ C
M
D˜|B
U
|.
Proof. Fix α, β such that xα, xβ ∈ U . Suppose that j ∈ BU (α, β) where BU (α, β) is as
in (3.38). Then, there is k ∈ B˜
U
(α, β) such that T˜k ∩ Tj 6= ∅. Now, fix j ∈ J and let
Cj := {k ∈ K : Tj ∩ T˜k 6= ∅}.
We claim that there is c
M
> 0 such that for each k ∈ Cj
T˜k ⊂ ΛcM τρj (cMR(h)). (3.58)
Assuming (3.58) for now, there exists C
M
> 0 such that
|Cj | ≤ D˜
vol(Λ
c
M
τ
ρj (cMR(h))
infk∈K vol(T˜k)
≤ D˜C
M
.
Thus, for each j ∈ B
U
(α, β), there are at most C
M
D˜ elements in B˜
U
(α, β) and hence
|BU (α, β)| ≥ |B˜U (α, β)|/(CM D˜) as claimed.
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We now prove (3.58). Let q ∈ T˜k. Then, there are ρ′k, ρ′j, q′ ∈ S∗M and tk, tj , s ∈
[τ −R(h), τ +R(h)] such that
d(ρk, ρ
′
k) < R(h), d(ρj , ρ
′
j) < R(h), d(ρk, q
′) < R(h),
ϕtk(ρ
′
k) = ϕtj (ρ
′
j), ϕs(q
′) = q.
In particular, d(q′, ρ′k) < 2R(h), so there is cM > 0 such that
d(ϕtk (ρ
′
k), ϕtk−s(q)) < cMR(h).
Applying ϕ−tj , and adjusting cM in a way depending only on M ,
d(ρ′j , ϕtk−tj−s(q)) < cMR(h).
In particular, adjusting c
M
again,
d(ρj , ϕtk−tj−s(q)) < cMR(h)
and the claim follows. 
4. Proof of theorem 1
In order to finish the proof of Theorem 1, we need to verify that the hypotheses of
Theorem 2 hold with T (h) = b log h−1 for some b > 0, and such that for all x1, x2 ∈ U
there is some splitting J x1 = Gx1,x2 ∪Bx1,x2 of the set of tubes over x1 ∈M with a set
of ‘bad’ tubes Bx1,x2 satisfying
(|Bx1,x2 |R(h)n−1)
1
6+ε0
(1− pc
p
) ≤ T (h)− 12
and ε0 > 0. Fix x1, x2 ∈ U and let F1, F2 : T ∗M → Rn+1 be two smooth functions
such that for i = 1, 2,
• S∗xiM = F−1i (0)
• 12d(q, S∗xiM) ≤ |Fi(q)| ≤ 2d(q, S∗xiM),
• dFi(q) has a right inverse RFi (q) with ‖RFi (q)‖ ≤ 2, (4.1)
• max
|α|≤2
(|∂αFi(q)|) ≤ 2.
Define also ψi : R× T ∗M → Rn+1
ψi(t, ρ) = Fi ◦ ϕt(ρ).
To find Bx1,x2 , we apply the arguments from [CG19b, Sections 2, 4]. In particular,
fix a > 0 and let rt := a
−1e−a|t|. Suppose that
d(x2 , Cn−1,rt0 ,t0x1 ) > rt0 ,
then for ρ0 ∈ S∗x1M with
d(S∗x2M,ϕt0(ρ0)) < rt0
we have by [CG19b, Lemma 4.1], that there exists w ∈ Tρ0S∗x1M so that
d(ψ2)(t0,ρ0) : R∂t × Rw→ Tψ2(t0,ρ0)Rn+1
24 YAIZA CANZANI AND JEFFREY GALKOWSKI
has a left inverse L(t0,ρ0) with
‖L(t0,ρ0)‖ ≤ CM max(ae(a+Λ)|t0 |, 1).
Next, let {Λτρj (r1) be a (DM , τ, r1)-good cover for S∗M . We apply [CG19b, Propo-
sition 2.2] to construct Bx1,x2 and Gx1,x2 .
Remark 3. We must point out that we are applying the proof of that proposition
rather than the proposition as stated. The only difference here is that the loops we
are interested in go from a point x1 to a point x2 where x1 and x2 are not necessarily
equal. This does not affect the proof.
We use [CG19b, Proposition 2.2] to see that there exist α1 = α1(M) > 0, α2 =
α2(M,a), and C0 = C0(M,a) so that the following holds. Let r0, r1, r2 > 0 satisfy
r0 < r1, r1 < α1 r2, r2 ≤ min{R0, 1, α2 e−γT }, r0 < 13 e−ΛT r2, (4.2)
where γ = 5Λ + 2a and Λ > Λmax where Λmax is as in (1.2). Then, for all balls
B ⊂ S∗x1M of radius R0 > 0, there is a family of points {ρj}j∈BB ⊂ S∗x1M such that
|B
B
| ≤ C0Dn r2 R
n−1
0
rn−11
T e4(2Λ+a)T ,
and for j ∈ G
B
:= {j ∈ J x1 : B(ρj, 2r1) ∩B 6= ∅} \ BB}⋃
t∈[t0,T ]
ϕt
(
Λτρj (r1)
)
∩ ΛτS∗x2M (r1) = ∅.
We proceed to apply [CG19b, Proposition 2.2]. There is c
M
r1−n ≥ Nr > 0 so that
for all x1 ∈ M , S∗x1M can be covered by Nr balls. Let 0 < R0 < 1 and {Bi}
N
R0
i=1 be
such a cover. Fix 0 < ε< ε1 <
1
4 and set
r0 := h
ε1 , r1 := h
ε, r2 :=
2
α1
hε.
Let
T (h) = b log h−1
with 0 < b< 14Λmax <
1−2ε1
2Λmax
to be chosen later. Then, the assumptions in (4.2) hold
provided
hε < min
{
α1α2
2 e
−γT , α1R02
}
, hε1−ε < 23α1 e
−ΛT .
In particular, if we set α3 :=
α1α2
2 , α4 =
2
3α1
, the assumptions in (4.2) hold provided
h <
(α1R(h)
2
) 1
ε and
T (h) < min
{ ε
γ
log h−1 +
logα3
γ
,
ε1 − ε
Λ
log h−1 +
log(α4)
Λ
}
. (4.3)
Fix b > 0 and h0 > 0 so that b <
min(ε,ε1−ε)
12(2Λ+a) and (4.3) is satisfied for all h < h0.
Note that this implies that b = b(M,a), h0 = h0(M,a). Let Bx1,x2 :=
⋃NR0
i=1 BBi . Then,
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for j ∈ Gx1,x2 := J x1 \Bx1,x2 ,⋃
t∈[t0,T]
ϕt
(
Λτρj(r1)
)
∩ ΛτS∗x2M (r1) = ∅.
Moreover, shrinking h0 in a way depending only on (M,a, ε), we have for 0 < h < h0,
rn−11 |Bx1,x2 | ≤ CMC0Dnr2Te4(2Λ+a)T ≤ h
ε
3 .
Therefore, putting R(h) = r1 = h
ε and T = T (h) = b log h−1 in Theorem 2 completes
the proof of Theorem 1.
5. Anisotropic Pseudodifferential calculus
In this section, we develop the second microlocal calculi necessary to understand
‘effective sharing’ of L2 mass between two nearby points. That is, to answer the
question: how much L2 mass is necessary to produce high L∞ growth at two nearby
points? To that end, we develop a calculus associated to the co-isotropic
Γx :=
⋃
|t|<
1
2 inj(M)
ϕt(Ωx), Ωx := {ξ ∈ T ∗xM : |1− |ξ|g| < δ},
which allows for localization to a Lagrangian leaves ϕt(Ωx). In Section 6.2 we will see,
using a type of uncertainty principle, that the calculi associated to two distinct points,
xα, xβ ∈ M , are incompatible in the sense that, despite the fact that Γxα and Γxβ
intersect in a dimension 2 submanifold, for operators Xxα and Xxβ localizing to Γxα
and Γxβ respectively,
‖XxαXxβ‖L2→L2 ≪ ‖Xxα‖L2→L2‖Xxβ‖L2→L2 .
Let Γ ⊂ T ∗M be a co-isotropic submanifold and L = {Lq}q∈Γ be a family of La-
grangian subspaces Lq ⊂ TqΓ that is integrable in the sense that if U is a neighborhood
of Γ, and V,W are smooth vector fields on T ∗M such that Vq,Wq ∈ Lq for all q ∈ Γ,
then [V,W ]q ∈ Lq for all q ∈ Γ. The aim of this section is to introduce a calculus
of pseudodifferential operators associated to (L,Γ) that allows for localization to hρ
neighborhoods of Γ with 0 ≤ ρ < 1 and is compatible with localization to hρ neigh-
borhoods of the foliation of Γ generated by L. This calculus is close in spirit to those
developed in [SZ99] and [DZ16]. To see the relationships between these calculi, note
that the calculus in [DZ16] allows for localization to any leaf of a Lagrangian foliation
defined over an open subset of T ∗M and that in [SZ99] allows for localization to a sin-
gle hypersurface. The calculus developed in this paper is designed to allow localization
along leaves of a Lagrangian foliation defined only over a co-isotropic submanifold of
T ∗M . In the case that the co-istropic is a whole open set, this calculus is the same as
the one developed in [DZ16]. Similarly, in the case that the co-isotropic is a hypersur-
face and no Lagrangian foliation is prescribed, the calculus becomes that developed
in [SZ99].
Definition 3. Let Γ be a co-isotropic submanifold and L a Lagrangian foliation on Γ.
Fix 0 ≤ ρ < 1 and let k be a positive integer. We say that a ∈ SkΓ,L,ρ if a ∈ C∞(T ∗M),
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a is supported in an h-independent compact set, and
V1 . . . Vℓ1W1 . . . Wℓ2a = O(h
−ρℓ2〈h−ρd(Γ, ·)〉k−ℓ2) (5.1)
where W1, . . . Wℓ2 are any vector fields on T
∗M , V1, . . . Vℓ1 are vector fields on T
∗M
with (V1)q, . . . (Vℓ1)q ∈ Lq for q ∈ Γ, and q 7→ d(Γ, q) denotes the distance from q to Γ
induced by the Sakai metric on T ∗M .
We also define symbol classes associated to only the co-isotropic
Definition 4. Let Γ be a co-isotropic submanifold. We say that a ∈ SkΓ,ρ if a ∈
C∞(T ∗M), a is supported in an h-independent compact set, and
V1 . . . Vℓ1W1 . . . Wℓ2a = O(h
−ρℓ2〈h−ρd(Γ, ·)〉k−ℓ2)
where V1, . . . Vℓ1 are tangent vector fields to Γ, and W1, . . . Wℓ2 are any vector fields.
5.1. Model case. The goal of this section is to define the quantization of symbols in
SkΓ0,L0,ρ, where Γ0, L0 are a model pair of co-isotropic and Lagrangian foliation defined
below. The model co-isotropic submanifolds of dimension 2n − r is
Γ0 := {(x′, x′′, ξ′, ξ′′) ∈ Rr × Rn−r × Rr × Rn−r : x′ = 0}
with Lagrangian foliation
L0 := {L0,q}q∈Γ0 , L0,q = span{∂ξi , i = 1, . . . n} ⊂ TqΓ0.
Note that in this model case the distance from a point (x, ξ) to Γ0 is controlled by
|x′|. Therefore, a ∈ SkΓ0,L0,ρ if and only if a is supported in an h-independent compact
set and for all (α, β) ∈ Nn × Nn there exists Cα,β > 0 such that
|∂αx ∂βξ a| ≤ Cα,βh−ρ|α|〈h−ρ|x′|〉k−|α|.
In the model case, it will be convenient to define a˜ ∈ C∞(Rnx × Rnξ × Rrλ) such that
a(x, ξ) = a˜(x, ξ, h−ρx′),
and for all (α′, α′′, β, γ) ∈ Nr × Nn−r × Nn × Nr there exists Cα,β,γ > 0 such that
|∂α′x′ ∂α
′′
x′′ ∂
β
ξ ∂
γ
λ a˜(x, ξ, λ)| ≤ Cα,β,γh−ρ|α
′′|〈λ〉k−|γ|−|α′′|. (5.2)
Similarly, if a ∈ SkΓ0,ρ, then for all (α′, α′′, β, γ) ∈ Nr × Nn−r × Nn × Nr there exists
Cα,β,γ > 0 such that
|∂α′x′ ∂α
′′
x′′ ∂
β
ξ ∂
γ
λ a˜(x, ξ, λ)| ≤ Cα,β,γ〈λ〉k−|γ|. (5.3)
Definition 5. The symbols associated with this submanifold are as follows. We say
a ∈ S˜kΓ0,L0,ρ if a ∈ C∞(Rnx × Rnξ × Rrλ) satisfies (5.2) and a is supported in an h-
independent set in (x, ξ). If we have the improved estimates (5.3) then we say that
a ∈ S˜kΓ0,ρ.
Remark 4. Note that although there is no ρ in the definition of S˜kΓ0,ρ, we keep it in
the notation for consistency
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Let a ∈ S˜kΓ0,L0,ρ. We then define
[O˜ph(a)]u(x) :=
1
(2πh)n
ˆ
e
i
h
〈x−y,ξ〉a(x, ξ, h−ρx′)u(y)dydξ.
Since a ∈ S˜kΓ0,L0,ρ is compactly supported in x, there exists C > 0 such that on the
support of the integrand λ ≤ Ch−ρ and hence
h ≤ Ch1−ρ〈λ〉−1.
This will be important when computing certain asymptotic expansions.
Lemma 5.1. Let k ∈ R and a ∈ S˜kΓ0,L0,ρ. Then,
‖O˜ph(a)‖L2→L2 ≤ C sup
R2n
|a(x, ξ, h−ρx′)|+O(h−ρmax(k,0)+ 1−ρ2 )
Proof. Define Tδ : L
2(Rn)→ L2(Rn) by
Tδu(x) = h
n
2
δu(hδx). (5.4)
Then Tδ is unitary and, for a ∈ S˜kΓ0,L0,ρ,
O˜ph(a)u = T
−1
1+ρ
2
Op1(ah)T 1+ρ
2
u
where
ah(x, ξ) := a(h
1+ρ
2 x, h
1−ρ
2 ξ, h
1−ρ
2 x′).
Then, for all α, β ∈ Nn there exists Cα,β such that
|∂αx ∂βξ ah| ≤ Cα,βh
1−ρ
2
(|α|+|β|)〈h 1−ρ2 x′〉k−|α|.
Now, since ah, bh ∈ S 1−ρ
2
, by [Zwo12, Theorem 4.23] there exists a universal constant
M > 0 such that
‖O˜p1(ah)‖L2→L2 ≤ C
∑
|α|≤Mn
sup
R2n
|∂αah| ≤ C sup |a|+ Cah−max(ρk,0)+
1−ρ
2 .

Lemma 5.2. Suppose that a ∈ ˜Sk1Γ0,L0,ρ, b ∈
˜Sk2Γ0,L0,ρ. Then,
O˜ph(a)O˜ph(b) = O˜ph(c) +O(h
∞)L2→L2
where c ∈ ˜Sk1+k2Γ0,L0,ρ satisfies
c = ab+O(h1−ρ) ˜
S
k1+k2−1
Γ0,L0,ρ
. (5.5)
In particular,
c ∼
∑
j
∑
|α|=j
ij
j!
(
(hDx′′)
α′′(hDx′ + h
1−ρDλ)
α′b
)
Dαξ a. (5.6)
If instead, a ∈˜Sk1Γ0,ρ and b ∈
˜Sk2Γ0,ρ, then the remainder in (5.5) lies in h
1−ρ ˜Sk1+k2−1Γ0,ρ .
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Proof. With Tδ as in (5.4), we have
O˜ph(a)O˜ph(b) = T
−1
ρ/2Oph(ah)Oph(bh)Tρ/2
where
ah = a(h
ρ
2x, h−
ρ
2 ξ, h−
ρ
2x′), bh = b(h
ρ
2x, h−
ρ
2 ξ, h−
ρ
2x′).
Now, for all α, β ∈ Nn there exists Cα,β such that
|∂αx ∂βξ ah| ≤ Cα,βh−
ρ
2
(|α|+|β|)〈h− ρ2x′〉k1−|α|, |∂αx ∂βξ bh| ≤ Cα,βh−
ρ
2
(|α|+|β|)〈h− ρ2x′〉k2−|α|.
In particular, using that a and b are compactly supported, ah ∈ h−max(ρk1,0)Sρ/2 and
bh ∈ h−max(ρk2,0)Sρ/2 and hence [Zwo12, Theorems 4.14,4.17] apply. In particular, if
we let M > 0 and k˜ := max(k1, 0) + max(k2, 0), we obtain
Oph(ah)Oph(bh) = Oph(ch)
where, for any N > 0,
ch(x, ξ) =
N−1∑
j=0
∑
|α|=j
hjij
j!
(Dαξ ah(x, ξ))(D
α
x bh(x, ξ)) +O(h
−ρk˜+N(1−ρ))Sρ/2
=
N−1∑
j=0
∑
|α|=j
∑
α′+α′′=α
h(1−ρ)j ij
j!
(Dαξ a)h[(h
ρDx′′)
α′′(hρDx′ +Dλ)
α′b]h +O(h
−ρk˜+N(1−ρ))Sρ/2 .
Choosing
N = max
(
k1 + k2,
ρk˜ +M
1− ρ
)
,
the remainder is O(hM )Sρ/2 . Moreover, since a and b were compactly supported, we
may assume introducing an h∞ error, that the remainder is supported in {(x, ξ) :
|(x, ξ)| ≤ Ch− ρ2 }. Putting
c =
N−1∑
j=0
∑
|α|=j
∑
α′+α′′=α
ij
j!
(Dαξ a)[(hDx′′)
α′′(hDx′ + h
1−ρDλ)
α′b],
we thus have
T−1ρ/2Oph(ch)Tρ/2 = O˜ph(c) +O(h
M )D′→C∞
as claimed.

Lemma 5.3. Suppose that a ∈ S˜m1Γ0,L0,ρ, b ∈ S˜m2Γ0,L0,ρ. Then,
[O˜ph(a), O˜ph(b)] =
h1−ρ
i
O˜ph(c) +O(h
∞)L2→L2
where c ∈ ˜Sm1+m2−2Γ0,L0,ρ satisfies
c = hρ
n∑
i=1
(∂ξia∂xib− ∂ξib∂xia) +
r∑
i=1
(∂ξia∂λib− ∂λia∂ξib) +O(h1−ρ) ˜
S
m1+m2−2
Γ0,L0,ρ
.
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If instead, a ∈ S˜m1Γ0,ρ and b ∈ S˜m2Γ0,ρ, then the remainder lies in h1−ρ
˜Sm1+m2−2Γ0,ρ . More-
over, if a ∈ Scomp(R2n) is independent of λ and ∂ξ′a = e(x, ξ)x′ with e(x, ξ) : Rr → Rr
for all (x, ξ), then
[O˜ph(a), O˜ph(b)] =
h
i
O˜ph(c) +O(h
∞)Ψ−∞
with
c = Hab+
r∑
i=1
(eλ)i∂λib+O(h
1−ρ) ˜
S
m2−1
Γ0,L0,ρ
.
Similarly, the same conclusion holds if b ∈ S˜m2Γ0,ρ with the error term in c being
O(h1−ρ) ˜
S
m2−1
Γ0,ρ
.
Proof. In each case, we need only apply the formula (5.6). 
5.2. Reduction to normal form. In order to define the quantization of symbols in
SΓ,L,ρ for general (Γ, L), we first explain how one can reduce the problem to working
in the model case (Γ0, L0).
Lemma 5.4. Let L be a Lagrangian foliation over a co-isotropic submanifold Γ⊂ R2n
of dimension 2n− r. Then for each (x0, ξ0) ∈ Γ there is a neighborhood U0 of (x0, ξ0)
and a symplectomorphism κ : U0 → V0 ⊂ T ∗Rn such that
κ(Γ ∩ U0) = Γ0 ∩ V0 and (κ∗)qLq = L0,q for q ∈ Γ ∩ U0.
Proof. We first put Γ in normal form. That is, we construct symplectic coordinates
(y, η) such that
Γ = {(y, η) : y1 = · · · = yr = 0}. (5.7)
First, assume r = 1 and let f1 ∈ C∞(T ∗M) define Γ. By Darboux’s theorem there
are symplectic coordinates such that y1 = f1 and the proof of (5.7) is complete for
r = 1.
Next, assume that we can put any coisotropic of co-dimension r−1 in normal form.
Let f1, . . . , fr ∈ C∞(T ∗M) define Γ. Then, since Γ is co-isotropic, for X ∈ TΓ and
i = 1, . . . , r
σ(X,Hfi) = dfi(X) = 0.
In addition, since Γ is co-isotropic, (TΓ)⊥ ⊂ TΓ and so Hfi ∈ TΓ for all i = 1, . . . , r.
In particular, on Γ,
{fi, fj} = Hfifj = dfj(Hfi) = 0.
Now, using Darboux’ theorem, choose symplectic coordinates (y, η) =(y1, y
′, η1, η
′) so
that y1 = f1 and (x0, ξ0) 7→ (0, 0). Then, for j = 2, . . . , r
∂η1fj = {fj , y1} = 0 on Γ.
Next, observe that
Γ = {(y, η) : y1 = f2 = · · · = fr = 0},
and dy1, {dfj}rj=2 are independent. Thus, since ∂η1fj = 0 on Γ,
Γ = {(y, η) : y1 = 0, fj(0, y′, 0, η′) = 0, j = 2, . . . , r}.
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Now, {y1 = η1 = 0}∩Γ is a co-isotropic submanifold of co-dimension r−1 in T ∗{y1 =
0}. Hence, by induction, there are symplectic coordinates (y2, . . . , yn, η2, . . . , ηn) on
T ∗{y1 = 0} such that
Γ ∩ {y1 = η1 = 0} = {y1 = η1 = 0, y2 = · · · = yr = 0}.
In particular,
{(y′, η′) : fj(0, y′, 0, η′) = 0, j = 2, . . . , r} = {y2 = · · · = yr = 0}.
Thus, extending (y2, . . . , yn, η2, . . . , ηn) to be independent of (y1, η1) puts Γ in the
form (5.7).
Next, we adjust the coordinates to be adapted to L along Γ. First, define y˜i := yi
for i = 1, . . . r. Then, since L ⊂ TΓ, for every i = 1, . . . , r we have that dy˜i(X)|Γ is well
defined for X ∈ L and dy˜i(X)|Γ = 0. Next, since L is integrable, the Frobenius theo-
rem [Lee13, Theorem 19.21] shows that there are coordinates (y˜r+1, . . . , y˜n, ξ˜1, . . . , ξ˜n)
on Γ, defined in a neighborhood of (0, 0), such that L is the annihilator of dy˜. Since
we know that for every X ∈ L
σ(X,Hy˜i) = dy˜i(X) = 0,
and L is Lagrangian, we conclude that Hy˜i ∈ L. In particular, since L is the annihilator
of dy˜,
{y˜i, y˜j} = Hy˜i y˜j = dy˜j(Hy˜i) = 0.
Now, extend (y˜r+1, . . . , y˜n, ξ˜1, . . . , ξ˜n) outside Γ to be independent of (y˜1, . . . , y˜r). Then,
{y˜i, y˜j} = 0
in a neighborhood of (x0, ξ0) and hence, by Darboux’s theorem, there are functions
{η˜j}nj=1, such that
{y˜i, η˜j} = δij , {η˜i, η˜j} = 0.
In particular, in the (y˜, η˜) coordinates,
Γ = {(y˜, η˜) : y˜1 = · · · = y˜r = 0},
and dy˜(L)|Γ = 0. In particular, L = span{∂η˜i} as claimed. 
In order to create a well-defined global calculus of psuedodifferential operators asso-
ciated to (Γ, L), we will need to show invariance under conjugation by FIOs preserving
the pair (L0,Γ0).
Proposition 5.5. Suppose that U0, V0 are neighborhoods of (0, 0) in T
∗Rn and κ :
U0 → V0 is a symplectomorphism such that
κ(0, 0) = (0, 0), κ(Γ0 ∩ U0) = Γ0 ∩ V0, κ∗|Γ0L0 = L0|Γ0 . (5.8)
Next, let T be a semiclassically elliptic FIO microlocally defined in a neighborhood
of
(
(0, 0), (0, 0)
)∈ T ∗Rn × T ∗Rn quantizing κ. Then, for a ∈ S˜kΓ0,L0,ρ, there are b ∈
S˜kΓ0,L0,ρ and c ∈
˜Sk−1Γ0,L0,ρ such that
T−1O˜ph(a)T = O˜ph(b), b = a ◦Kκ + h1−ρc
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where Kκ : T
∗Rn × Rr → T ∗Rn × Rr is defined by
Kκ(y, η, µ) =
(
κ(y, η), πx′(κ(y, η))
|µ|
|y′|
)
,
and πx′ : T
∗Rn → Rr is the projection onto the first r-spatial coordinates. In addition,
if a ∈ S˜kΓ0,ρ, then c ∈
˜Sk−1Γ0,ρ and b ∈ S˜kΓ0,ρ.
To prove Proposition 5.5, we follow [SZ99]. First, observe that the proposition holds
with κ = Id since then T is a standard pseudodifferential operator. In addition, the
proposition also holds whenever for a given j ∈ {1, . . . , n} we work with
κ(y, η) := (y1, . . . , yj−1,−yj, yj+1, . . . , yn , η1, . . . , ηj−1,−ηj , ηj+1, . . . , ηn).
Indeed, this follows from the fact that in this case an FIO quantizing κ is Tu(x) =
u(x1, . . . xj−1,−xj , xj+1, . . . , xn) and so the conclusion of the proposition follows from
a direct computation together with the identity case. Thus, we may assume that
κ(y, η) = (x, ξ) implies xiyi ≥ 0, i = 1, . . . n. (5.9)
Lemma 5.6. Let κ be a symplectomorphism satisfying (5.8) and (5.9). Then, there
is a piecewise smooth family of symplectomorphisms [0, 1] ∋ t 7→ κt such that κt satis-
fies (5.8), (5.9), κ0 = Id, and κ1 = κ.
Proof. In what follows we assume that κ(y, η) = (x, ξ) but reorder the coordinates
(y′, y′′, η′, η′′) ∈ T ∗Rn is represented as (y′, η′, y′′, η′′) ∈ R2r × R2(n−r). Consider the
functions ξ′ and κ′′= (x′′(y′, η), ξ′′(y′, η)) such that
κ|Γ0 : (0, η′, y′′, η′′) 7→ (0, ξ′(y′′, η), κ′′(y′′, η)).
Now, since (κ∗)|Γ0L0 = L0, we have for i = 1, . . . n,
κ∗∂ηi =
∂xj
∂ηi
∂xj +
∂ξj
∂ηi
∂ξj∈L0 (5.10)
and hence,
∂ηx|Γ0 ≡ 0. (5.11)
Next, since κ preserves Γ0, {κ∗xi}ri=1 defines Γ0 and in particular,
span{dκ∗xi|Γ0}ri=1 = span{dyi|Γ0}ri=1,
and hence
span{Hκ∗xi |Γ0}ri=1 = span{Hyi |Γ0}ri=1.
By Jacobi’s theorem, κ∗Hκ∗xi = Hxi . Therefore,
(κ|Γ0)∗
(
span{Hyi}ri=1
∣∣
Γ0
)
= span{Hxi}ri=1
∣∣
Γ0
,
and we conclude from (5.10) ξ′′|Γ0 is independent of η′ and hence that κ′′ is independent
of η′. In particular, κ′′ is a symplectomorphism on T ∗Rn−r.
This also implies that for each fixed (y′′, η′′), the map η′ 7→ ξ′(y′′, η′, η′′) is a diffeo-
morphism. Writing
κ′′(y′′, η′′) = (x′′(y′′, η′′), ξ′′(y′′, η′′)),
we have by (5.11) that ∂η′′x
′′ = 0, and hence x′′ = x′′(y′′). Now, since κ′′ is symplectic,
(∂η′′ξ
′′dη′′ + ∂y′′ξ
′′dy′′) ∧ ∂y′′x′′dy′′ = dη′′ ∧ dy′′,
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and so we conclude that
(∂y′′x
′′)t∂η′′ξ
′′ = Id, (∂y′′x
′′)t∂y′′ξ
′′ is diagonal. (5.12)
The first equality in (5.12) gives that ∂η′′ξ
′′ is a function of y′′ only, and hence there
exists a function F = F (y′′) such that
ξ′′(y′′, η′′) = [(∂x′′(y′′))t]−1(η′′ − F (y′′)).
Therefore, calculating on η′′ = F (y′′), the second statement in (5.12) implies that
−∂y′′F (y′′)dy′′ ∧ dy′′ = 0.
In particular,
d(F (y′′) · dy′′) = 0.
It follows from the Poincare´ lemma that, shrinking the neighborhood of (0, 0) to be
simply connected if necessary,
F (y′′) · dy′′ = dψ(y′′)
for some function ψ = ψ(y′′). Hence,
κ′′(y′′, η′′) =
(
x′′(y′′) , [(dx′′(y′′))t]−1(η′′ − ∂ψ(y′′))
)
. (5.13)
Now, every symplectomorphism of the form (5.13) preserves L0. Hence, we can deform
κ′′ to the identity by putting ψt = tψ and deforming x
′′ to the identity. Since the
assumption in (5.9) implies ∂y′′x
′′ > 0, this can be done simply by taking
x′′t = (1− t) Id+tx′′.
Putting κ′′t = (x
′′
t , ξ
′′
t ), there is κ
′′
t such that κ
′′
0 = Id and κ
′′
1 = κ
′′. Now, composing κ
with
(y′, η′; y′′, η′′) 7→ (y′, η′; (κ′′t )−1(y′′, η′′))
we reduce to the case that κ′′ = Id.
In particular, we need only consider the case in which
κ(y′, η′, y′′, η′′) =
(
f(y, η)y′ , ξ′(y′′, η) + h0(y, η)y
′ , (y′′, η′′) + h1(y, η)y
′
)
. (5.14)
where f(y, η) ∈ GLr, h0(y, η) is an r× r matrix, and h1(y, η) is an 2(n− r)× r matrix.
Next, we claim that the projection map from graph(κ) to R2n defined as
(x, ξ; y, η) 7→ (x, η)
is a local diffeomorphism. To see this, observe that for |y′| small the map (x′′, η′′) 7→
(y′′, ξ′′) is a diffeomorphism, that for each fixed (y′′, η′′) the map η′ 7→ ξ′ is a diffeo-
morphism, and that det ∂y′x
′|Γ0 6= 0.
Thus, κ has a generating function φ(x, η), i.e.
κ : (∂ηφ(x, η), η) 7→ (x, ∂xφ(x, η))
such that
det ∂2xηφ(0, 0) 6= 0, ∂η′φ(0, x′′, η) = 0.
Now, writing κ = (κ′, κ′′), we have κ′′ = Id at x′ = 0. Therefore,
∂η′′φ(0, x
′′, η) = x′′, ∂x′′φ(0, x
′′, η) = η′′
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and we have φ(0, x′′, η) = 〈x′′, η′′〉 + C for some C ∈ R. We may choose C = 0 to
obtain
φ(x, η) = 〈x′′, η′′〉+ g(x, η)x′, (5.15)
for some function g : R2n → M1×r. Finally, since κ(0, 0) = (0, 0) and ∂2xηφ is non-
degenerate, we have ∂x′φ(0, 0) = g(0, 0) = 0 and ∂η′g is non-degenerate. In fact (5.9)
implies that as a quadraticc form
∂η′g > 0. (5.16)
Observe next that for every φ, such that (5.15) holds for some g satisfying (5.16)
and g(0, 0) = 0 generates a canonical transformation satisfying (5.14) and (5.9). In
particular, the symplectomorphism satisfies (5.8). Thus, we can deform from the
identity by putting gt = (1− t)η′ + tg. 
Finally, we proceed with the proof of Proposition 5.5.
Proof of Proposition 5.5. Let κt be as in Lemma 5.6. That is, a piecewise smooth
deformation from κ0 = Id to κ1 = κ such that κt preserves Γ0 and (κt)∗|Γ0 perserves
L0. Let Tt be piecewise smooth family of elliptic FIOs defined microlocally near (0, 0),
quantizing κt, and satisfying
hDtTt + TtQt = 0, T0 = Id . (5.17)
Here, Qt is a smooth family of pseudodifferential operator with symbol qt satisfying
∂tκt = (κt)∗Hqt .
(Such an FIO exists, for example, by [Zwo12, Chapter 10] and qt exists by [Zwo12,
Thoerems 11.3, 11.4]) Next, define
At := T
−1
t O˜ph(a)Tt.
First, note that
T−1O˜p(a)T = T−1T1T
−1
1 O˜p(a)T1T
−1
1 T +O(h
∞)Ψ−∞ .
and hence since the Proposition follows by direct calculation when κ = Id, we may
assume that T = T1.
In that case, our goal is to find a symbol b such that A1 = Oph(b). First, observe
that (5.17) implies that hDtT
−1
t −QtT−1t = 0 and so
hDtAt = [Qt, At], A0 = O˜ph(a). (5.18)
We will construct bt ∈ S˜kΓ0,L0,ρ such that Bt := O˜ph(bt) satisfies
hDtBt = [Qt, Bt] +O(h
∞)Ψ−∞ , B0 = O˜ph(a). (5.19)
This would yield that Bt−At = O(h∞)L2→L2 and the argument would then be finished
by setting b = b1. Indeed, that Bt−At = O(h∞)L2→L2 would follow from the fact that
by (5.19)
hDt(TtBtT
−1
t ) = O(h
∞)Ψ−∞ ,
and hence, since T0 = Id and B0 = O˜ph(a),
TtBtT
−1
t − O˜ph(a) = O(h∞)Ψ−∞ .
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Combining this with the fact that both Tt and T
−1
t are bounded on H
k
h completes the
proof.
To find bt as in (5.19), note that since κt preserves Γ0 and L0, ∂tκt = Hqt, and Hqt
is tangent to L0 on Γ0. Therefore, ∂η′qt = 0 on y
′ = 0 and so there exists rt(y, η) such
that ∂η′qt(y, η) = rt(y, η)y
′. Hence, by Lemma 5.3 for any b ∈ S˜kΓ0,L0,ρ
[Qt, O˜ph(b)] =
h
i
O˜ph(f)+O(h
∞)Ψ−∞ , f=Hqtb+
r∑
j=1
(rtλ)j(∂λb)j +O(h
1−ρ) ˜Sk−2Γ0,L0,ρ
.
Then, letting b0t := a ◦Kκt∈ S˜kΓ0,L0,ρ and B0t = O˜ph(b0t ) yields
hDtB
0
t =
h
i
O˜ph
(
Hqtb
0
t + (rtµ) · ∂µb0t
)
= [Qt, B
0
t ] + h
2−ρO˜ph(e
0
t )
where e0t ∈ ˜Sk−2Γ0,L0,ρ. This follows from the fact that if we set µ(y) = y′h−ρ, then
∂t(b
0
t (y, η, µ(y))) = Hqtb
0
t (y, η, µ(y)) + ∂µb
0
t (y, η, µ(y))Hqt(µ(y))
and Hqtµ(y) = rt(y, η)µ(y).
Iterating this procedure and solving away successive errors finishes the proof of
Proposition 5.5. If a ∈ S˜kΓ0,ρ, then we need only use that ∂ξ′qt = rtx′ and we obtain
the remaining results. 
Our next lemma follows [SZ99, Lemma 4.1] and gives a characterization of our
second microlocal calculus in terms of the action of an operator. In what follows,
given operators A and B, we define the operator adA by
adAB = [A,B],
Lemma 5.7 (Beal’s criteria). Let Ah : S(Rn) → S ′(Rn) and k ∈ Z. Then, Ah =
O˜ph(a) for some a ∈ S˜kΓ0,L0,ρ if and only if for any α, β ∈ Rn there exists C > 0 with
‖ adαh−ρx adβhDx Ahu‖|β|−min(k,0) ≤ Ch(1−ρ)(|α|+|β|)‖u‖max(k,0)
where for r ≥ 0
‖u‖r := ‖u‖L2 + ‖h−ρr|x′|ru‖L2 .
Similarly, Ah = Oph(a) for some a ∈ S˜kΓ0,ρ if and only if
‖adα′h−ρx′ adα
′′
x′′ ad
β′
hDx′
adβ
′′
hDx′′
Ahu‖|β′|−min(k,0)≤Ch(1−ρ)(|α
′|+|β′|)+|α′′|+|β′′|‖u‖max(k,0),
then Ah = Oph(a) for some a ∈ S˜kΓ0,ρ.
Proof. The fact that Ah = O˜ph(a) for some a ∈ S˜kΓ0,L0,ρ implies the estimates above
follows directly from the model calculus. Let Uh be the unitary (on L
2) operator,
Uhu(x) = h
n
2 u(hx),
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and note that
‖U−1h u‖r = ‖u‖L2 + ‖h(1−ρ)r |x′|ru‖L2 .
Then, consider
A˜h := UhAhU
−1
h .
For fixed h, we can use Beal’s criteria (see e.g. [Zwo12, Theorem 8.3]) to see that there
is ah such that
A˜h = ah(x,D).
Define a such that
a(hx, ξ;h) = ah(x, ξ)
and hence,
Ah = Oph(a).
Note that for φ,ψ ∈ S(Rn),
〈A˜hψ, φ〉 = 1
(2π)n
¨
ei〈x,ξ〉ah(x, ξ)ψˆ(ξ)φ(x)dxdξ, (5.20)
where ψˆ(ξ) = (Fψ)(ξ) = ´ e−i〈y,ξ〉ψ(y)dy.
Next, define
Bh := Uh ad
α
h−ρx(ad
β
hDx
(Ah))U
−1
h .
Since DxUh = UhhDx and U
−1
h Dx = hDxU
−1
h , we have
Bh = ad
α
h1−ρx ad
β
Dx
A˜h = (−i)|α|+|β|h(1−ρ)|α|bh(x,D),
where
bh(x, ξ) = (−∂ξ)α∂βxah(x, ξ).
Our goal is then to understand the behavior of bh(x, ξ) in terms of h and 〈h1−ρx′〉.
Let τx0 and τˆξ0 be the physical and frequency shift operators
τx0u(x) = u(x− x0), τˆξ0u(x) = ei〈x,ξ0〉u(x),
with F τˆξ0 = τξ0F and Fτx0 = τˆ−x0 . In addition, write ‖u‖(−r) := ‖〈h1−ρx′〉−ru‖L2 for
the dual norm to ‖u‖(r) := ‖U−1h u‖r.
Assume that k ≥ 0. Then, the definition of Bh combined with the assumptions of
the lemma yield
|〈Bτx0 τˆξ0ψ, τy0 τˆη0φ〉| ≤ h(1−ρ)(|α|+|β|)‖τx0 τˆξ0ψ‖(k)‖τy0 τˆη0φ‖(−|β|).
In addition, note that for fixed ψ, φ ∈ S,
‖τx0 τˆξ0ψ‖(k) ∼ 〈h1−ρ(x0)′〉k, ‖τy0 τˆη0ψ‖(−|β|) ∼ 〈h1−ρ(y0)′〉−|β|,
Therefore, (5.2) leads to
|〈Bτx0 τˆξ0ψ, τy0 τˆη0φ〉| ≤ Ch(1−ρ)(|α|+|β|)〈h1−ρ(x0)′〉k〈h1−ρ(y0)′〉−|β|. (5.21)
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On the other hand, we have by (5.20) that
|〈Bτx0 τˆξ0ψ, τy0 τˆη0φ〉| =
=
1
(2π)n
∣∣∣h(1−ρ)|α|¨ ei〈x,ξ〉bh(x, ξ)ψˆ(ξ − ξ0)e−i〈x0,ξ−ξ0〉−i〈η0,x−y0〉φ¯(x− y0)dxdξ∣∣∣
= h(1−ρ)|α||F((τy0,ξ0χ)bh)(η0 − ξ0, x0 − y0)|, (5.22)
where
χ(x, ξ) = ei〈x,ξ〉ψˆ(ξ)φ¯(x).
Combining (5.22) with (5.21) we have
|F((τy0,ξ0χ)∂αξ ∂βxah)(η0 − ξ0, x0 − y0)| ≤ Ch(1−ρ)|β|〈h1−ρ(x0)′〉k〈h1−ρ(y0)′〉−|β|.
Next, note that χ can be replaced by any fixed function in C∞c by taking ψ, φ with
ψˆ(ξ)φ(x) 6= 0 on suppχ.
Putting ζ = η0 − ξ0 and z = x0 − y0, we obtain that for every α˜, β˜ ∈ Nn
|F(∂α˜ξ ∂β˜x (τy0,ξ0χ)∂αξ ∂βxah)(ζ, z)| ≤ Ch(1−ρ)|β|〈h1−ρ(x0)′〉k〈h1−ρ(x0 − z)′〉−|β|.
Hence,
|zα˜ζ β˜F((τy0,ξ0χ)∂αξ ∂βxah)(ζ, z)| ≤ Ch(1−ρ)|β|〈h1−ρ(x0)′〉k〈h1−ρ(x0 − z)′〉−|β|.
In particular, for every N > 0
|F((τy0,ξ0χ)∂αξ ∂βxah)(ζ, z)| ≤ Ch(1−ρ)|β|〈h1−ρ(x0)′〉k−|β|〈ζ〉−N 〈z〉−N ,
and, as a consequence, we obtain
∂αξ ∂
β
xah(x, ξ) = ∂
α
ξ ∂
β
x (a(hx, ξ)) = O(h
(1−ρ)|β|〈h1−ρx′〉k−|β|).
This gives the first claim of the lemma for k ≥ 0. For k ≤ 0, we consider 〈h−ρx′〉−kA
and use the composition formulae.
A nearly identical argument yields the second claim. 
5.3. Definition of the second microlocal class. With Proposition 5.5 in place, we
are now in a position to define the class of operators with symbols in SkΓ,L,ρ.
Definition 6. Let Γ ⊂ U ⊂ T ∗M be a co-isotropic submanifold, U an open set, and
L a Lagrangian folation on Γ. A chart for (Γ, L) is a symplectomorphism
κ : U0 → V, U0 ⊂ U, V ⊂ T ∗Rn,
such that
κ(U0 ∩ Γ) ⊂ V ∩ Γ0, κ∗,qLq = (L0)κ(q)
for q ∈ Γ ∩ U .
We now define the pseudodifferential operators associated to (Γ, L).
Definition 7. Let M be a smooth, compact manifold and U ⊂ T ∗M open, Γ ⊂ U a
co-isotropic submanifold, L a Lagrangian foliation on Γ and ρ ∈ [0, 1). We say that
A : D′(M)→ C∞c (M)
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is a semiclassical pseudodifferential operator with symbol class SkΓ,L,ρ(U) (and write
A ∈ ΨkΓ,L,ρ(U)) if there are charts {κℓ}Nℓ=1 for (Γ, L) and symbols {aℓ}Nℓ=1 ⊂ S˜kΓ,L,ρ(U)
such that A can be written in the form
A =
N∑
ℓ=1
T ′ℓ O˜ph(aℓ)Tℓ +O(h
∞)D′→C∞ (5.23)
where Tℓ and T
′
ℓ are FIOs quantizing κℓ and κ
−1
ℓ for ℓ = 1, . . . , N .
We say that A is a semiclassical pseudodifferential operator with symbol class SkΓ,ρ(U),
and write A ∈ ΨkΓ,ρ(U), if there are symbols {aℓ}Nℓ=1 ⊂ S˜kΓ,ρ(U) such that A can be
written in the form (5.23).
Lemma 5.8. Suppose that κ : U → T ∗Rn is a chart for (Γ, L), T quantizes κ, and
T ′ quantizes κ−1. If A ∈ ΨkΓ,L,ρ(U), then there is a ∈ S˜kΓ,L,ρ(U), with supp a(·, ·, λ) ⊂
κ(U), such that
TAT ′ = O˜ph(a) +O(h
∞)D′→C∞.
Moreover, if A is given by (5.23), then
a ◦Kκ = σ(T ′T )
N∑
ℓ=1
σ(T ′ℓTℓ) (aℓ ◦Kκℓ) +O(h1−ρ)˜Sk−1Γ,L,ρ
Proof. Note that we can write
TAT ′ =
N∑
ℓ=1
TT ′ℓO˜ph(aℓ)TℓT
′ +O(h∞)D′→C∞ .
Next, note that TT ′ℓ quantizes κ ◦ κ−1ℓ and that TℓT ′ quantizes κℓ ◦ κ−1. Letting
Fℓ be a microlocally unitary FIO quantizing κℓ ◦ κ−1, Fℓ satisfies the hypotheses of
Proposition 5.5 and we can write
TℓT
′ = C
L
Fℓ, TT
′
ℓ = Fℓ
−1C
R
with C
L
, C
R
∈ Ψ(M) satisfying
σ(C
R
C
L
) =
(
σ(T ′ℓTℓ) ◦ κ−1ℓ
)(
σ(T ′T ) ◦ κ−1ℓ
)
.
Therefore,
TT ′ℓO˜ph(aℓ)TℓT
′ = Fℓ
−1C
R
O˜ph(aℓ)CLFℓ = Oph(bℓ) + (h
∞)D′→C∞
with
bℓ =
(
σ(CRCL) ◦ κℓ ◦ κ−1
)(
aℓ ◦Kκℓ◦κ−1
)
+O(h1−ρ)˜
Sk−1Γ,L,ρ
.
The lemma follows. 
Lemma 5.9. Let Γ ⊂ U ⊂ T ∗M be a co-isotropic submanifold, U an open set, and L
a Lagrangian foliation on Γ. There is a principal symbol map
σ
Γ,L
: ΨkΓ,L,ρ(U)→ SkΓ,L,ρ(U)/h1−ρSk−1Γ,L,ρ(U)
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such that for A ∈ Ψk1Γ,L,ρ(U), B ∈ Ψk2Γ,L,ρ(U),
σ
Γ,L
(AB) = σ
Γ,L
(A)σ
Γ,L
(B), σ
Γ,L
([A,B]) =
h
i
{σ
Γ,L
(A), σ
Γ,L
(B)}. (5.24)
Furthermore, the sequence
0 7→ h1−ρΨk−1Γ,L,ρ(U)
σ
Γ,L−→ SkΓ,L,ρ(U)/h1−ρSk−1Γ,L,ρ(U) → 0
is exact.
The same holds with σ
Γ
, ΨΓ,ρ and S
k
Γ,ρ.
Proof. For A as in (5.23), we define
σ
Γ,L
(A) =
N∑
ℓ=1
σ(TℓT
′
ℓ)(a˜ℓ ◦ κ)
where a˜ℓ(x, ξ) := aℓ(x, ξ, h
−ρx′). The fact that σ is well defined then follows from
Lemma 5.8, and the formulae (5.24) follow from Lemma 5.2.
To see that the sequence is exact, we only need to check that if A ∈ ΨkΓ,L,ρ and
σ
Γ,L
(A) = 0, then A ∈ h1−ρΨk−1Γ,L,ρ. To do this, we may assume that WFh′(A) ⊂ U such
that there is a chart (κ,U) for (Γ, L). Let T be a microlocally unitary FIO quantizing
κ and suppose that σ
Γ,L
(A) ∈ h1−ρSk−1Γ,L,ρ. Then, by the first part of Lemma 5.8
TAT−1 = O˜ph(a) +O(h
∞)
for some a ∈ S˜kΓ,L,ρ. Then, by the second part of Lemma 5.8, since σΓ,L(A) ∈
h1−ρSk−1Γ,L,ρ, a ∈ h1−ρ˜Sk−1Γ,L,ρ and in particular, A ∈ h1−ρΨk−1Γ,L,ρ. 
Note that if A ∈ Ψcomp(M), then A ∈ Ψ0Γ,L,ρ and
σ(A) = σ
Γ
(A).
Furthermore, if A ∈ ΨkΓ,ρ, then A ∈ ΨkΓ,L,ρ and σΓ(A) = σΓ,L(A).
Lemma 5.10. Let Γ ⊂ U ⊂ T ∗M be a co-isotropic submanifold, U an open set, and
L a Lagrangian foliation on Γ. There is a non-canonical quantization procedure
OpΓ,Lh : S
k
Γ,L,ρ(U)→ ΨkΓ,L,ρ(U)
such that for all A ∈ ΨkΓ,L,ρ(U) there is a ∈ SkΓ,L,ρ(U) such that
OpΓ,Lh (a) = A+O(h
∞)D′→C∞.
and σΓ,L ◦OpΓ,Lh : SkΓ,L,ρ(U)→ SkΓ,L,ρ(U)/h1−ρSk−1Γ,L,ρ(U) is the natural projection map.
Proof. Let {(κℓ, Uℓ)}Nℓ=1 be charts for (Γ, L) such that {Uℓ}Nℓ=1 is a locally finite cover
for U , Tℓ and T
′
ℓ quantize respectively κℓ and κ
−1
ℓ , and σ(T
′
ℓTℓ) ∈ C∞c (Uℓ) is a partition
of unity on U . Let a ∈ SkΓ,L,ρ(U). Then, define aℓ ∈ S˜kΓ0,L0,ρ such that
aℓ(x, ξ, h
−ρx′) := (χℓa) ◦ κ−1(x, ξ)
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where χℓ ≡ 1 on suppσ(T ′ℓTℓ). We then define the quantization map
OpΓ,Lh (a) :=
N∑
ℓ=1
T ′ℓO˜ph(aℓ)Tℓ.
The fact that σ
Γ,L
◦ OpΓ,Lh is the natural projection follows immediately. Now, fix
A ∈ ΨkΓ,L,ρ(U). Put a0 = σΓ,L(A). Then,
A = OpΓ,Lh (a0) + h
1−ρA1
where A1 ∈ Ψk−1Γ,L,ρ. We define ak = σΓ,L(Ak) inductively for k ≥ 1 by
h(k+1)(1−ρ)Ak+1 = A−
k∑
k=0
hk(1−ρ)OpΓ,Lh (ak).
Then, letting a ∼∑k hk(1−ρ)ak, we have
A = OpΓ,Lh (a) +O(h
∞)D′→C∞
as claimed. 
Remark 5. Note that E :=
∑N
ℓ=1 TℓT
′
ℓ is an elliptic pseudodifferential operator with
symbol 1. Therefore, there is E′ ∈ Ψ0 with σ(E′) = 1 such that E′EE′ = Id. Re-
placing Tℓ by E
′Tℓ and T
′
ℓ by T
′
ℓE
′, we may (and will) ask for
∑N
ℓ=1 TℓT
′
ℓ = Id, and so
OpΓ,Lh (1) = Id.
Lemma 5.11. Let Γ ⊂ U ⊂ T ∗M be a co-isotropic submanifold. If A ∈ ΨkΓ,ρ(U) and
P ∈ Ψm(U) with symbol p such that for every q ∈ Γ we have Hp(q) ∈ TqΓ. Then,
i
h
[P,A] = OpΓh(Hpa) +O(h
1−ρ)Ψk−1Γ,ρ
,
where a(x, ξ;h) = σ
Γ
(A)(x, ξ, h−ρx′).
Proof. Suppose that WF ′h(A) ⊂ Uℓ for Uℓ ⊂ U open, and suppose that κ : Uℓ → T ∗Rn
is a chart for (Γ, L). Note that we may assume that WFh(A)
′ ⊂ Uℓ and then use a
partition of unity to cover U with a family {Uℓ}ℓ. Therefore, there exist a ∈ S˜kΓ,ρ and
a Fourier integral operator T that is microlocally elliptic on Uℓ and quantizes κ, such
that
A = T−1O˜ph(a)T +O(h
∞)D′→C∞ .
Then, on WFh
′(A),
T [P,A]T−1 = [TPT−1, O˜ph(a)] +O(h
∞)D′→C∞ .
Now,
TPT−1 = Oph(p ◦ κ−1) +O(h)Ψm−1 .
Hence, a direct computation using Lemma 5.3 gives
[TPT−1, O˜ph(a)] =
h
i
O˜ph(c) +O(h
2−ρ)˜
Ψk−2Γ0,ρ
,
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with c(x, ξ, h−ρx′) = Hp◦κ−1(a(x, ξ, h
−ρx′))∈ Sk−1
Γ,ρ
(Uℓ). In particular,
[P,A] =
h
i
T−1O˜ph(c)T +O(h
2−ρ)Ψk−2Γ,ρ
Therefore,
[P,A] ∈ hΨk−1Γ,ρ .
with symbol σ
Γ
(ih−1[P,A]) = Hp(a(x, ξ, h
−ρx′)). 
6. An Uncertainty principle for co-isotropic localizers
The first goal of this section is to build a family of cut-off operators Xy with y ∈M
that act as the identity on the shrinking ball B(y, hρ) and such that they commute
with P in a fixed size neighborhood of y. This is the content of section 6.1. The
second goal is to control ‖Xy1Xy2‖L2→L2 in terms of the distance d(y1, y2), as this
distance shrinks to 0. We do this in Section 6.2. Finally, in Section 6.3, we study the
consequences of these estimates for the almost orthogonality of Xyi .
In order to localize to the ball B(y, hρ) in a way compatible with microlocalization
we need to make sense of
χy(x) = χ˜
(
1
εh
−ρd(x, y)
)
χ˜ ∈ C∞c ((−1, 1)),
as an operator in some anisotropic pseudodifferential calculus. As a function, χy is in
the symbol class S−∞Γy,Ly , where Γy, Ly are the co-isotropic submanifold and Lagrangian
foliation defined as follows: Fix δ > 0, to be chosen small later, and for each x ∈ M
let
Γy :=
⋃
|t|< 1
2
inj(M)
ϕt(Ωy), Ωy :=
{
ξ ∈ T ∗yM :
∣∣1− |ξ|g∣∣ < δ}. (6.1)
In this section, we construct localizers to Γy adapted to the Laplacian and study
the incompatibility between localization to Γy1 and Γy2 as a function of the distance
between y1, y2 ∈M . Let y ∈M . In what follows we work with the Lagrangian foliation
Ly of Γy given by
Ly = {Ly,q˜}q˜∈Γy , Ly,q˜ = (ϕt)∗(TqT ∗yM),
where q˜ = ϕt(q) for some |t| < 12 inj(M) and q ∈ Ωy.
Remark 6. In fact, it will be enough for us to show that χy(x)χ˜(δ
−1(|hD|g − 1)) ∈
ΨΓy ,Ly,ρ since we will be working near the characteristic variety for the Laplacian.
6.1. Co-isotropic cutoffs adapted to the Laplacian.
Lemma 6.1. Let y ∈ M , 0 < ε < δ, 0 ≤ ρ < 1, χ˜ ∈ C∞c ((−1, 1)), and define the
operator χ
h,y
by
χ
h,y
u(x) := χ˜(1εh
−ρd(x, y)) [Oph(χ˜(
1
ε (|ξ|g − 1)))u](x). (6.2)
Then, χ
h,y
∈ Ψ−∞Γy,Ly,ρ.
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Proof. We will use Lemma 5.7 to prove the claim. First, observe that we may work in a
single chart for (Γy, Ly) by using a partition of unity. Therefore, suppose that B ∈ Ψ0
and κ : U0 → T ∗Rn is a chart for (Γy, Ly), V0 ⋐ U0, and T is an FIO quantizing κ that
is microlocally unitary on V0. Furthermore, since κ∗Ly = L0, we may assume that
κ(U0 ∩ T ∗yM) ⊂ T ∗0Rn. Denote the microlocal inverse of T by T ′. Then, observe that
for A and B with wavefront set in V0
adA(TBT
′) = T adT ′AT (B)T
′ +O(h∞)D′→C∞ .
By a partition of unity, we will work as though χ
h,y
were microsupported in U0. We
then consider for all N > 0, and α, β ∈ Nn,
h−2Nρ|x′|2N adαh−ρx adβhDx (Tχh,yT ′)
= h−2ρNT (T ′|x′|2T )N adαh−ρT ′xT (adβT ′hDxT (χh,y))T ′ +O(h∞)D′→C∞.
In order to prove the requisite estimates, we will actually view χ
h,y
first as an element
of the model microlocal class. In particular, we work with x ∈M written in geodesic
normal coordinates centered at y, so that
χ
h,y
u(x) = χ˜(1εh
−ρ|x|) [Oph(χ˜(1ε (|ξ|g − 1)))u](x).
Then, χ
h,y
= O˜ph(
1
ε χ˜(λ))Oph(χ˜(
1
ε (|ξ| − 1))) is an element of Ψ˜−∞Γ0,L0,ρ with r = n, and
so we can apply Lemma 5.3 to compute adA(χh,y) for A ∈ Ψ−∞(M). In particular,
adT ′hDxT (χh,y) = O˜ph(c) +O(h
∞) (6.3)
where c ∈ h1−ρS˜−∞Γ0,L0,ρ is supported on {(x, ξ, λ) : |x| ≤ εhρ, |λ| ≤ ε}. Now, suppose
c ∈ S˜−∞Γ0,L0,ρ is supported on {(x, ξ, λ) : |x| ≤ εhρ, |λ| ≤ ε} and B ∈ Ψ−∞ with
σ(B)(0, ξ) = 0. Then, again using Lemma 5.3,
adB(O˜ph(c)) = O˜ph(c
′) +O(h∞) (6.4)
where c′ ∈ hS˜−∞Γ0,L0,ρ is supported on {(x, ξ, λ) : |x| ≤ εhρ, |λ| ≤ ε}.
Now, note that since κ(T ∗yM) ⊂ T ∗0Rn, then for all i = 1, . . . n, B = T ′xiT has
symbol σ(B) = [b(x, ξ)x]i for some b ∈ C∞(T ∗M ;Mn×n). Therefore, (6.3) and (6.4)
yield
adαh−ρT ′xT (ad
β
T ′hDxT
(χ
h,y
)) = h(1−ρ)(|α|+|β|)O˜ph(c
′) +O(h∞),
where c′ ∈ S˜−∞Γ0,L0,ρ is supported on {(x, ξ, λ) : |x| ≤ εhρ, |λ| ≤ ε}. Finally, using again
that T ′xiT has symbol [b(x, ξ)x]i, we have that (6.4) gives
‖h−2Nρ|x′|2N adαh−ρT ′xT (adβT ′hDxT (χh,y))‖L2→L2 ≤ Ch(1−ρ)(|α|+|β|),
and the lemma follows. 
We next construct a pseudodifferential cutoff, Xy ∈ Ψ−∞Γy,ρ which is microlocally the
identity near S∗yM and which essentially commutes with P near y. In particular, we
will have
χ
h,y
Xy = χh,y +O(h
∞)Ψ−∞ .
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When considering the value of a quasimode u, that is hρ close to the point y, this will
allow us to effectively work with Xyu instead.
Theorem 3. Let y ∈M , 0 < ε < δ, 0 ≤ ρ < 1. Then, there exists
Xy ∈ Ψ−∞Γy,ρ ⊂ Ψ−∞Γy,Ly,ρ (6.5)
such that
(1) if χ
h,y
is defined as in (6.2), then
χ
h,y
Xy = χh,y +O(h
∞)Ψ−∞ . (6.6)
(2) WFh
′([P,Xy]) ∩ {(x, ξ) : x ∈ B(y, 12 inj(M)), ξ ∈ Ωx} = ∅.
Proof. First, we note that we will actually prove that Xy ∈ Ψ−∞Γy ,ρ, and so the result
will follow since Ψ−∞Γy ,ρ ⊂ Ψ−∞Γy,Ly,ρ.
Let H ⊂ T ∗M be transverse to the Hamiltonian flow Hp such that Ωy ⊂ H. Next,
let κ ∈ C∞c ((−2, 2)) with κ ≡ 1 on [−1, 1] and define κ0 ∈ C∞c (H), by
κ0 = κ(h
−ρd(x, y))κ(2δ (1− |ξ|g)),
where δ is as in the definition of Ωy. Let ψ ∈ C∞c (T ∗M) with
ψ ≡ 1 on B(y, 12 inj(M)) ∩ {|ξ|g < 2}, suppψ ⊂ B(y, 34 inj(M)).
Then, let χ0 be defined locally by
Hpχ0 ≡ 0, χ0|H = κ0.
so that χ0 ∈ S−∞Γy ,ρ. That is, for |t| < inj(M) and q ∈ H
χ0(ϕt(q)) = ψ(ϕt(q))χ0(q).
Next, observe that there is e0 ∈ S−∞Γy,ρ such that
− ih [P,Op
Γy
h (χ0)] = h
1−ρOp
Γy
h (e0),
and
supp e0 ∩B(y, 12 inj(M)) ⊂
⋃
|t|<
3
4 inj(M)
ϕt(H ∩ supp ∂κ0).
Suppose that there exist χk−1, ek−1 ∈ S−∞Γy,ρ such that
− ih [P,Op
Γy
h (χk−1)] = h
k(1−ρ)Oph(ek−1),
and
supp ek−1 ∩B(y, 12 inj(M)) ⊂
⋃
|t|<
3
4 inj(M)
ϕt(H ∩ supp∂κ0).
Then, define χ˜k ∈ S−∞Γy,ρ by solving locally
Hpχ˜k = ek−1, χ˜k|H = 0.
Note that then
supp χ˜k ∩B(y, 12 inj(M)) ⊂
⋃
|t|<
3
4 inj(M)
ϕt(H ∩ supp∂κ0).
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and
h−k(1−ρ)σ
(
i
h
[
P,Op
Γy
h
(
χk−1 + h
k(1−ρ)χ˜k
)])
= Hpχ˜k − ek−1 = 0.
In particular, with χk := χk−1 + h
k(1−ρ)χ˜k, we obtain
− ih [P,Op
Γy
h (χk)] = h
(k+1)(1−ρ)Oph(ek)
with ek ∈ S−∞Γy,ρ and
supp ek ∩B(y, 12 inj(M)) ⊂
⋃
|t|<
3
4 inj(M)
ϕt(H ∩ supp∂κ0).
Setting
Xy = Op
Γy
h (χ∞), χ∞ ∼
(
χ0 +
∑
k
χk+1 − χk)
)
,
we have that Xy satisfies the second claim and, moreover, χ∞ ≡ 1 on⋃
|t|≤ 1
4
inj(M)
ϕt
(
H ∩ {d(x, y) < hρ} ∩ {∣∣|ξ|g − 1∣∣ < δ2}).
To see the first claim, observe that for ε > 0 small enough,
B(y, εhρ) ∩ {∣∣|ξ|g − 1∣∣ < δ} ⊂ ⋃
|t|≤ 1
4
inj(M)
ϕt
(
H ∩ {d(x, y) < hρ} ∩ {∣∣|ξ|g − 1∣∣ < δ2}).
and hence
χ
h,y
Xy = χh,yOp
Γ,L
h (1) +O(h
∞)Ψ−∞ = χh,y +O(h
∞)Ψ−∞ .

6.2. An uncertainty principle for co-isotropic localizers. Let Γ(t) ⊂ T ∗Rn,
t ∈ (−ε0, ε0) be a smooth family of co-isotropic submanifolds of dimension n+ 1 with
Γ(0) = {(0, xn, ξ′, ξn) : xn ∈ R, ξ′ ∈ Rn−1, ξn ∈ R}.
Assume that Γ(t) is defined by {qi(t)}n−1i=1 with qi(0) = xi. Moreover, assume that
there are c, C > 0 such that for i = 1, . . . , n− 1,
|{qi(t), xi}| ≥ c|t| on Γ(0) ∩ Γ(t), |t| > 0, (6.7)
and for all i, j = 1, . . . , n− 1, and all t ∈ (−ε0, ε0),
{qi(t), qj(t)} = 0, {qi(t), ξn} = 0, |{qi(t), xj}| ≤ Ct2, i 6= j. (6.8)
The main goal of this section is to prove the following proposition
Proposition 6.2. Let 0 < ρ < 1 and {Γ(t) : t ∈ (−ε0, ε0)} be as above. Suppose that
X(t) ∈ Ψ−∞Γ(t),ρ for all t ∈ (−ε0, ε0), and that there is ε > 0 such that hρ−ε ≤ |t| < ε0.
Then,
‖X(0)X(t)‖L2→L2 ≤ C
h
n−1
2
(2ρ−1)
t
n−1
2
.
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Proof. We begin by finding a convenient chart for Γ(t). By Darboux’s theorem, there
is a smooth family of sympletomorphisms κt : V1 → V2 such that for j = 1, . . . , n− 1,
κ∗t (qj(t)) = yj, κ
∗
t ξn = ηn, (6.9)
where V1, V2 are simply connected neighborhoods of 0. Note that κt(Γ(0)) = Γ(t)
with this setup, so κ−1t is a chart for Γ(t). By [Zwo12, Theorem 11.4], the symplec-
tomorphism κt can be extended to a family of symplectomorphisms on T
∗Rn that is
the identity outside a compact set, and such that there is a smooth family of symbols
pt ∈ C∞(T ∗Rn) satisfying
∂tκt = (κt)∗Hpt .
Now, let U(t) : L2 → L2 solve
(hDt +Oph(pt))U(t) = 0, U(0) = Id .
Then, U(t) is microlocally unitary from V1 to V2 and quantizes κt. Moreover,
U(t) =
1
(2πh)n
ˆ
Rn
e
i
h
(φ(t,x,η)−〈y,η〉)b(t, x, η;h)dη
where b(t, ·) ∈ Scomp(T ∗Rn) and the phase function φ(t, ·)∈ C∞(T ∗Rn;R) satisfies
∂tφ+ pt(x, ∂xφ) = 0, φ(0, x, η) = 〈x, η〉,
for all t ∈ (−ε0, ε0).
Since U(t) is microlocally unitary, it is enough to estimate the operator
A(t) := X(0)X(t)U(t).
First, note that since X(t) ∈ Ψ−∞Γ(t),ρ, and U(t) quantizes κt, there exist a(t) ∈ S˜−∞Γ0,ρ
with t ∈ (−ε0, ε0) such that X(t) = U(t)O˜ph(a(t))[U(t)]∗ +O(h∞)L2→L2 and so
A(t) = O˜ph(a(0))U(t)O˜ph(a(t)) +O(h
∞)L2→L2 .
Fix N > n− 1 and let χ = χ(λ) ∈ S˜−NΓ0,ρ be such that |χ(λ)| ≥ c〈λ〉−N . Now, since
a(t) ∈ S˜−∞Γ0,ρ, by the elliptic parametrix construction there are eL(t), eR(t) ∈ S˜−∞Γ0,ρ such
that
O˜ph(eL(t))O˜ph(χ) = O˜ph(a(t)) +O(h
∞)L2→L2 ,
O˜ph(χ)O˜ph(eR(t)) = O˜ph(a(t)) +O(h
∞)L2→L2 ,
for all t ∈ (−ε0, ε0). Note that we are implicitly using the fact that a(t) is compactly
supported in (x, ξ) to handle the fact that χ is not compactly supported in (x, ξ).
Thus,
A(t) = O˜ph(eL(0))O˜ph(χ)U(t)O˜ph(χ)O˜ph(eR(t)) +O(h
∞)L2→L2 .
Since O˜ph(eL(t)) and O˜ph(eR(t)) are L
2 bounded uniformly in t ∈ (−ε0, ε0), it is
enough to estimate
A˜(t) := O˜ph(χ)U(t)O˜ph(χ)
In fact, we estimate
B(t) := A˜(t)(A˜(t))∗
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by considering its kernel.
B(t;x, y) =
ˆ
U(t)(x,w)U(t)∗(w, y)χ(h−ρx′)χ(hρy′)χ(h−ρw′)2dw
=
1
(2πh)2n
ˆ
e
i
h
Φ(t,x,w,y,η,ξ)b(t, x, η)b¯(t, y, ξ)χ(h−ρx′)χ(h−ρy′)χ(h−ρw′)2dwdηdξ,
with
Φ(t, x, w, y, η, ξ) = φ(t, x, η) − φ(t, y, ξ) + 〈w, ξ − η〉.
First, performing stationary phase in (wn, ηn) yields
B(t;x, y) =
1
(2πh)2n−1
ˆ
F (t, x, w′, ξn)F (t, y, w′, ξn)dw
′dξn
where
F (t, x, w′, ξn) :=
ˆ
e
i
h
(φ(t,x,η′,ξn)−〈w′,η′〉)b1(t, x, η
′, ξn)χ(h
−ρx′)χ(h−ρw′)2dη′
for some b1 ∈ Scomp(T ∗Rn).
Next, note that since φ(0, x, η) = 〈x, η〉,
φ(t, x, η) − 〈x, η〉 = tφ˜(t, x, η)
with φ˜ such that for every multi-index α there exists Cα > 0 with
|∂αt,x,ηφ˜| ≤ Cα.
Next, we claim that there exists C > 0 such that
‖(∂2η′ φ˜(t, x, η))−1‖ ≤ C if (x, η) ∈ Γ(0), ∂η′φ(t, x, η) = 0. (6.10)
We postpone the proof of (6.10) and proceed to finish the proof of the lemma.
To continue the proof, note that modulo an O(hNε) error, we may assume that the
integrand of B(t;x, y) is supported, in
{(x, y, w′) : |x′| ≤ hρ−ε, |y′| ≤ hρ−ε, |w′| ≤ hρ−ε},
and hρ−ε ≤ |t|. Therefore, the bound in (6.10) continues to hold on the support of the
integrand. By (6.10), together with the fact that
∂2η′
(
φ(t, x, η) − tφ˜(t, x, η)) = 0, (6.11)
there is a unique critical point η′c(t, x, w
′, ξn) for the map η
′ 7→ φ(t, x, η′, ξn)− 〈w′, η′〉,
in an O(1) neighborhood of η′c. In particular, η
′
c is the unique solution to
∂η′φ(t, x, η
′
c, ξn)− w′ = 0.
Next, again using (6.11), by applying the method of stationary phase in η′ to F ,
with small parameter h/t, we obtain
B(t;x, y) =
1
(2πh)ntn−1
ˆ
e
i
h
Φ1(t,x,w′,y,ξn)B1(t;x, y, w
′, η′c, ξ)dw
′dξn
with
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Φ1(t, x, w
′, y, ξn) := Ψ(t, x, w
′, ξn)−Ψ(t, y, w′, ξn),
Ψ(t, x, w′, ξn) := φ(t, x, η
′
c(t, x, w
′, ξn), ξn)− 〈w′, η′c(t, x, w′, ξn)〉,
B1(t;x, y, w
′, η′, ξ) := b2(t, x, η
′, ξn)b¯(t, y, ξ
′, ξn)χ(h
−ρx′)χ(h−ρy′)χ(h−ρw′)2.
for some b2 ∈ Scomp(T ∗Rn).
Next, observe that
∂xn∂ξnΨ(t, x, w
′, ξn) = 1 +O(t),
and therefore, there exist c > 0 and a function g = g(x′, y, w′, ξn) so that
|∂ξnΦ1| ≥ c|xn − gn|.
In particular, integration by parts in ξn shows that for any N > 0 there is CN > 0
such that
|B(t;x, y)| ≤ CNh−nt1−nhρ(n−1)χ(h−ρy′)χ(h−ρx′)h
2N + hN |xn − gn|
(h2 + |xn − gn|2)N .
Applying Schur’s lemma together with the fact that there exists C > 0 such that
for all t
sup
x
ˆ
|B(t;x, y)|dy + sup
y
ˆ
|B(t;x, y))|dy ≤ Ch(2ρ−1)(n−1)t1−n,
yields that for all t ∈ (−ε0, ε0)
‖B(t)‖L2→L2 ≤ Ch(2ρ−1)(n−1)t1−n,
and hence
‖X(0)X(t)‖L2→L2 ≤ C
h
n−1
2
(2ρ−1)
t
n−1
2
,
as claimed.
Proof of the bound in (6.10). Let φt(x, η) := φ(t, x, η) and ϕt(x, y, η) := φt(x, η)+〈y, η〉.
Then, Cϕt = {(x, y, η) : ∂ηφt(x, η) = y} and so
Λϕt = {(x, ∂xφt(x, η), ∂ηφt(x, η),−η)} ⊂ T ∗Rn × T ∗Rn.
In particular, since Λϕt is the twisted graph of κt, we have that κt is characterized by
κt(∂ηφt(x, η), η) = (x, ∂xφt(x, η)).
Furthermore, since κt(Γ(0)) = Γ(t), we have
Γ(t) = {(x, ξ) : κt(y, η) = (x, ξ), y = ∂ηφt(x, η), ξ = ∂xφt(x, η), (y, η) ∈ Γ(0)}.
Then, using κ∗t ξn = ηn,
Γ(t) = {(x, ξ) : ξ′ = ∂x′φt(x, η), ∂η′φt(x, η) = 0, ξn = ηn, η ∈ Rn}.
Next, let p˜ := (x˜, η˜) ∈ Γ(0) be such that ∂η′φt(x˜, η˜) = 0. Without loss of generality,
in what follows we assume that x˜n = 0. Letting
Γ0(t) := Γ(t)
∣∣
{xn=0}
GROWTH OF HIGH Lp NORMS VIA GEODESIC BEAMS 47
we have that
Γ0(t) = {(x, ξ) : ξ′ = ∂x′φt(x, η), ∂η′φt(x, η) = 0, xn = 0, ξn = ηn, η ∈ Rn}.
In particular, letting ξ˜ := (∂x′φt(p˜), η˜n), and p˜0 := (x˜, ξ˜), we have
p˜0 ∈ Γ0(t) ∩ Γ0(0),
and
Tp˜0Γ0(t) = {(δx, δξ) : δξ′ = ∂x∂x′φt(p˜)δx + ∂η∂x′φt(p˜)δη,
∂x∂η′φt(p˜)δx + ∂η∂η′φt(p˜)δη = 0, δxn = 0, δξn = δηn , δη ∈ Rn}.
Next, we note that ∂xn ∈ Tp˜0Γ(t) andHqi(t) ∈ Tp˜0Γ(t) for all i = 1, . . . , n−1. Therefore,
since ∂xnqi(t) = 0, we also know that H
′
qi(t)
:= (∂ξ′qi(t), 0,−∂x′qi(t), 0) ∈ Tp˜0Γ0(t)
for all i = 1, . . . , n − 1. We claim that there exists C > 0 such that for all v =
(δx′ , 0, δξ′ , 0) ∈ span{H ′qi(t)}
n−1
i=1 ⊂ Tp˜0Γ(t) we have
‖δx′‖ ≥ Ct‖δξ′‖. (6.12)
Suppose that the claim in (6.12) holds. Then, note that for each such v, since δxn = 0
and δξn = 0, we have that there is δη′ ∈ Rn−1 such that
δξ′ = ∂
2
x′φt(p˜)δx′ + ∂
2
η′x′φt(p˜)δη′ , ∂
2
x′η′φt(p˜)δx′ + ∂
2
η′φt(p˜)δη′ = 0.
Using that ∂2x′η′φt(p˜) = Id+O(t) and ∂
2
x′φt(p˜) = O(t), we conclude that
∂2η′φt(p˜)[∂
2
η′x′φt(p˜)]
−1δξ′ =
(
∂2η′φt(p˜)[∂
2
η′x′φt(p˜)]
−1∂2x′φt(p˜)− ∂2x′η′φt(p˜)
)
δx′ ,
and so
∂2η′φt(p˜)(Id+O(t))δξ′ = (− Id+O(t))δx′ . (6.13)
Let H ′qi(t) = (δ
(i)
x′ , 0, δ
(i)
ξ′ , 0). Since p˜0 ∈ Γ(t)∩Γ(0), assumptions (6.7) and (6.8) yield
that the vectors {δ(i)x′ }n−1i=1 are linearly independent. Indeed, setting ei := (δij)n−1j=1 ∈
Rn−1,
δ
(i)
x′ = ∂ξiqi(t)ei +O(t
2), |∂ξiqi(t)| ≥ Ct, (6.14)
for t small enough.
Furthermore, (6.13) then yields that {δ(i)ξ′ }n−1i=1 are linearly independent. Then, com-
bining (6.13) with (6.12) yields (6.10) as claimed.
To finish the argument, it only remains to prove (6.12). Let v = (δx′ , 0, δξ′ , 0) ∈
span{H ′qi(t)}
n−1
i=1 . Then, there is a ∈ Rn−1 such that δx′ =
∑n−1
i=1 aiδ
(i)
x′ and δξ′ =∑n−1
i=1 aiδ
(i)
ξ′ . Next, note that by (6.14) we have ‖δx′‖ ≥ ‖a‖(Ct + O(t2)). Since
‖δξ′‖ ≤ C0‖a‖ for some C0 > 0, the claim in (6.12) follows.

For each x ∈M let Γx be as in (6.1). (See Figure 6.2 for a schematic representation
of these two co-isotropic submanifolds.) Then we have the following result.
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x′
ξ′
Γxi
γxi,xj
Γxj
∼ cd(xi, xj)
Figure 1. A pictorial representation of the co-isotropics involved in
Corollary 6.3 where γxi,xj is the geodesic from xi to xj . Localization
to both Γxi and Γxj implies localization in the non-symplectically or-
thogonal directions, x′ and ξ′. The uncertainty principle then rules this
behavior out.
Corollary 6.3. Let 0 < ρ < 1, 0 < ε < ρ, and γ(t) : (−ε0, ε0) → M be a unit speed
geodesic. Then, for X(t) ∈ Ψ−∞Γγ(t),ρ and h such that hρ−ε ≤ |t| < ε0,
‖X(0)X(t)‖L2→L2 ≤ C
h
n−1
2
(2ρ−1)
t
n−1
2
.
Proof. To do this, we study the geometry of the flow-out co-isotropics Γγ(t). Namely,
we prove that Γγ(t) is defined by some functions {qi(t)}ni=1 with qi(0) = xi and satisfying
(6.7) and (6.8). We then apply Proposition 6.2 to Γ(t) = κ−1(Γγ(t)), for a suitable
symplectomorphism κ.
Fix coordinates (x′, xn) ∈ Rn−1 × R on M so that γ(t) = (0, t), and for each
t ∈ (−ε0, ε0) let Ht be the submanifold transverse to the Hamiltonian vector field Hp
defined by
Ht := {(x′, t, ξ′, ξn) : 2ξn > |ξ|g, |x′| ≤ δ0},
where δ0 > 0 is chosen such that
Γγ(t) ∩Ht = {(0, t, ξ′, ξn) : 2ξn > |ξ|g,
∣∣|ξ|g − 1∣∣ < δ}.
In particular, as a subset of
{∣∣|ξ|g − 1∣∣ < δ}, Γγ(t) ∩Ht is defined by the coordinate
functions {xi}n−1i=1 . For each t ∈ (−ε0, ε0) let q˜i(t) : Ht → R be given by q˜i(t) = xi for
i = 1, . . . , n− 1. Then, define {qi(t)}n−1i=1 on T ∗M by
Hpqi(t) = 0, qi(t)|Ht = q˜i(t).
Note that for all t
Hp(Hqi(t)qj(t)) = 0
and
{qi(t), qj(t)} |Ht= ∂ξnqi(t)∂xnqj(t)− ∂ξnqj(t)∂xnqi(t) + H˜qi(t)qj(t),
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where H˜ is the Hamiltonian vector field in T ∗{xn = t}. In particular, since ∂ξn q˜i(t) = 0
and H˜qi(t) is tangent to Ht,
{qi(t), qj(t)} |Ht= 0.
Hence, {qi(t), qj(t)} ≡ 0, {qi(t), p} = 0, qi(0) = xi, and {qi(t)}n−1i=1 define Γγ(t).
Next, observe that there exists s ∈ R such that for each i = 1, . . . , n− 1,
qi(0)(x, ξ) = xi(ϕs(x, ξ)) with ϕs(x, ξ) ∈ H0.
Since ∂ξnp 6= 0 on H0, for E near 0 there exist aE and eE such that
p(x, ξ)− E = e
E
(x, ξ)(ξn − aE (x, ξ′))
with e
E
> c for some constant c > 0. In particular, ϕs = exp(sHp) is a reparametriza-
tion of ϕ˜s := exp(s(Hξn−a
E
)) on {p = E} and we have that for (x, ξ) ∈ {p = E}, and
all i = 1, . . . , n− 1,
qi(0)(x, ξ) = xi(ϕ˜−xn(x, ξ)) = xi + xn∂ξiaE (x, ξ
′) +O(x2n)C∞ .
In particular, on Ht ∩ {p = E}, since Hqj(t) is tangent to {p = E}, we have
{qj(t), qi(0)}|Ht∩{p=E} = ∂ξnqj(t)∂xnqi(0)− ∂xnqj(t)∂ξnqi(0) + H˜qj(t)qi(0)
= O(t2) + ∂ξj (t∂ξiaE ).
Now, since ∂2ξ p|T{p=E} > 0, and for all i, j = 1, . . . , n
∂ξiξjp = ∂ξj∂ξieE (ξn − aE ) + ∂ξieE (δnj − ∂ξjaE ) + ∂ξjeE (δni − ∂ξiaE )− eE ∂ξj∂ξiaE ,
then, as quadratic forms,
∂2ξp|T{p=E} = −eE ∂2ξaE |T{p=E} .
Hence, ∂2ξ′aE < 0, and in particular, there exists c > 0 such that
cδijt+O(t
2) ≤
∣∣∣{qi(t), qj(0)}|Ht∩{p=E}∣∣∣ ≤ Cδijt+O(t2).
Then, by invariance under Hp,
cδijt+O(t
2) ≤
∣∣∣{qi(t), qj(0)}|{p=E}∣∣∣ ≤ Cδijt+O(t2).
Since E small is arbitrary, this holds on Γγ(0) ∩ Γγ(t).
Now, by Darboux’s theorem, there is a symplectomorphism κ such that for all
i = 1, . . . , n− 1
κ∗qi(0) = xi, κ
∗p = ξn.
In particular,
κ−1(Γγ(0)) ⊂ Γ(0) ={(0, xn, ξ′, ξn) : xn ∈ R, ξ ∈ Rn−1 ×R}
and, abusing notation slightly by relabeling qi(t) = κ
∗qi(t), we have that (6.7) and (6.8)
hold. In particular, Proposition 6.2 applies to Γ(t) = κ−1(Γγ(t)).
Now, let U be a microlocally unitary quantization of κ, and X(t) ∈ Ψ−∞Γγ(t),ρ. Then,
U−1X(t)U ∈ Ψ−∞Γ(t),ρ and hence the corollary is proved. 
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6.3. Almost orthogonality for coisotropic cutoffs. In this section, we finally
prove an estimate which shows that co-isotropic cutoffs associated with Γxi for many xi
are almost orthogonal. This, together with the fact that these cutoffs respect pointwise
values near xi, is what allows us to control the number of points at which a quasimode
may be large.
Proposition 6.4. Let {B(xi, R)}N(h)i=1 be a (D, R)-good cover for M , and Xi ∈ Ψ−∞Γxi ,ρ
i = 1, . . . N(h), with uniform symbol estimates. Then, there are C > 0 and h0 > 0
such that for all 0 < h < h0, J ⊂ {1, . . . , N(h)}, and u ∈ L2(M), we have∑
j∈J
‖Xju‖2L2 ≤ C
(
1 + (h2ρ−1R−1)
n−1
2 |J | 3n+12n (1 + (h2ρ−1R−1)n−14 ))‖u‖2L2 (6.15)
Proof. To prove this bound we will decompose the sum in (6.15) as∑
i∈J
‖Xiu‖2L2 =
∥∥∥∑
i∈J
Xiu
∥∥∥2
L2
−
〈 ∑
i,j∈J
i 6=j
X∗jXiu, u
〉
. (6.16)
First, we note that by Corollary 6.3, there exists C > 0 such that for i 6= j
‖X∗jXi‖ ≤ C
h(n−1)(ρ−
1
2 )
d(xi, xj)
n−1
2
.
Therefore, by the the Cotlar-Stein lemma,∥∥∥∑
j∈J
Xj
∥∥∥≤ sup
j∈J
(
‖Xj‖+
∑
i∈J \{j}
‖X∗jXi‖
1
2
)
≤ 2 + Chn−12 (ρ− 12 ) sup
j∈J
∑
i∈J \{j}
d(xi, xj)
1−n
4 .
To estimate the sum, observe that there exists C > 0 such that for any j ∈ J and any
positive integer k
1
C 2
kn ≤ #{i : 2kR ≤ d(xi, xj) ≤ 2k+1R} ≤ C2(k+1)n.
In particular, there is C > 0 such that for any j ∈ J
∑
i∈J \{j}
d(xi, xj)
1−n
4 ≤ C
1
n
log2 |J |∑
k=0
2kn(2kR)
1−n
4 ≤ C|J | 3n+14n R 1−n4 . (6.17)
Therefore, we shall bound the first term in (6.16) using∥∥∥∑
j∈J
Xj
∥∥∥ ≤ C +Chn−12 (ρ− 12 )R 1−n4 |J | 3n+14n . (6.18)
We next proceed to control the second term in (6.16). Let X˜j ∈ Ψ−∞Γxj ,ρ such that
X˜jXj = Xj +O(h
∞)L2→L2 . By the Cotlar-Stein Lemma,∥∥∥ ∑
i,j∈J
i 6=j
X∗jXi
∥∥∥ ≤ sup
k,ℓ∈J
k 6=ℓ
∑
i,j∈J
i 6=j
‖X∗kX˜ℓXℓX∗j X˜∗jXi‖
1
2 +O(h∞|J |2). (6.19)
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By Corollary 6.3 there exists C > 0 such that for k 6= ℓ, i 6= j,
‖X∗kX˜ℓXℓX∗j X˜∗jXi‖ ≤ Ch(n−1)(2ρ−1)
min{1, h (n−1)2 (2ρ−1)d(xj , xℓ)−
n−1
2 }
(d(xk, xℓ)d(xj , xi))
n−1
2
.
Using that supk,ℓ∈J
k 6=ℓ
d(xk, xℓ)
1−n
4 ≤ R 1−n4 , adding first in i ∈ J \{j} in (6.19), and
combining with the bound in (6.17), yields∥∥∥ ∑
i,j∈J
i 6=j
X∗jXi
∥∥∥ ≤ Chn−12 (2ρ−1)(1 + hn−14 (2ρ−1)|J | 3n+14n R 1−n4 )|J | 3n+14n R 1−n2 . (6.20)
In particular, combining (6.18) and (6.20) into (6.16) we obtain∑
i∈J
‖Xiu‖2 ≤ C
(
1 + h(n−1)(ρ−
1
2
)R
1−n
2 |J | 3n+12n + h 3(n−1)4 (2ρ−1)R 3(1−n)4 |J | 3n+12n
)
‖u‖2L2
≤ C(1 + h(n−1)(ρ− 12 )R 1−n2 (1 + (h2ρ−1R−1)n−14 )|J | 3n+12n )‖u‖2L2 ,
as claimed. 
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